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A b s t r a c t
The undamped v i b r a t i o n  re sp o n se  of  a s i n g l e  degree  of  
freedom system w i th  a h a rd e n in g  n o n - l i n e a r  s p r in g  i s  
i n v e s t i g a t e d  f o r  th e  case  o f  a c e n t r i f u g a l  d i s t u r b i n g  f o r c e .
The r e s t o r i n g  fo r c e  c h a r a c t e r i s t i c  i s  a sy m m etr ica l .  The 
degree  of asymmetry i s  e x p re s se d  i n  te rm s of  th e  p a ram ete r  
of  s t a t i c  d e f l e c t i o n ,  which i s  produced by the  weight o f  the  
v i b r a t i n g  mass.
The approx im ate  method of  R i t z - G a l e r k in  i s  used f o r  the  
t h e o r e t i c a l  a n a l y s i s .  On th e  b a s i s  of  p u b l i s h e d  l i t e r a t u r e  
t h i s  method a p p e a r s  to  be g e n e r a l l y  s u p e r io r  t o  o th e r  a n a l y t i c  
methods, and t h i s  i s  su p p o r ted  i n  t h i s  i n v e s t i g a t i o n  by a d i r e c t  
comparison of  t h e o r e t i c a l  r e s u l t s  f o r  the  case  of  f r e e  v ib r a t i o n ,
E xper im en ta l  r e s u l t s  a r e  o b ta in e d  by means of  an 
e l e c t r o n i c  ana logue  computer.  F ree  v i b r a t i o n ,  harmonic 
r e so n a n ce ,  superharmonic re sonance  of o rd e r  2 , and subharmonic 
resonance  o f  o rd e r  a r e  i n v e s t i g a t e d  fo r  s e v e r a l  magnitudes 
o f  th e  s t a t i c  d e f l e c t i o n  and of  the  d i s t u r b i n g  fo rc e  amplitude*
I t  i s  found t h a t  i n  g e n e r a l  th e  s t a t i c  d e f l e c t i o n ,  or 
the  fo rc e  o f  g r a v i t y ,  has a c o n s id e ra b le  e f f e c t  on the  
v i b r a t i o n  re sp o n se  and hence cannot be n e g le c t e d  i n  a  t h e o r ­
e t i c a l  a n a l y s i s .  The superharmonic resonance  i s  p r a c t i c a l l y  
n e g l i g i b l e  even a t  sm a l l  magnitudes o f  damping. In  c o n t r a s t  
th e  subharmonic re so n an ce  i s  very  pronounced,  and from th e  
p r a c t i c a l  p o in t  o f  view i t  i s  a t  l e a s t  a s  im p o r tan t  a s  th e  
harmonic r e so n a n ce .
T h e o r e t i c a l  r e s u l t s  o b ta in e d  by means of  the  R i t z - G a l e r k i n  
method compare f a v o u rab ly  w i th  e x p e r im en ta l  r e s u l t s .  The e r r o r ,  
of  app rox im at ion  i n c r e a s e s  s l i g h t l y  w i th  the  magnitude o f  non- 
l i n e a r i t y ,  bu t  i n  the  range  o f  the  i n v e s t i g a t i o n  i t  rem ains  
w i th in  a c c e p ta b l e  l i m i t s .
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Chapter  1 
I n t r o d u c t i o n
N o n - l i n e a r i t y  i n  m echan ica l  v i b r a t i o n  has  a t t r a c t e d  r e ­
l a t i v e l y  l i t t l e  a t t e n t i o n  and only  i n  r e c e n t  y e a r s  h&is the  
i n t e r e s t  i n  t h i s  t o p i c  i n c r e a s e d .  The re a s o n  fo r  t h i s  i s  
p redom inan t ly  p r a c t i c a l .  Whereas i n  o th e r  f i e l d s ,  such a s  
e l e c t r i c a l  or  c o n t r o l  e n g i n e e r in g ,  pronounced n o n - l i n e a r  
e f f e c t s  occur i n  many sys tem s ,  i n  mechanica l  e n g in e e r in g  they  
a r e  encoun te red  l e s s  o f t e n  and a r e  u s u a l l y  o f  a l e s s  sev e re  
n a t u r e .  In  such ca ses  l i n e a r  approx im at ion  can be o f t e n  used 
w ith  some s u c c e s s ,  and t h e r e  i s  th u s  l i t t l e  i n c e n t i v e  to  app ly  
the  more com plica ted  and l a b o r i o u s  n o n - l i n e a r  methods o f  
a n a l y s i s .
An over s i m p l i f i c a t i o n  o f  the  a n a l y s i s  can be o f t e n  
dangerous .  Although s a t i s f a c t o r y  r e s u l t s  may be o b ta in e d  
i n  th e  r e g io n  of  harmonic r e s o n a n c e ,  the  e x i s t e n c e  of  o th e r  
im p o r ta n t  consequences o f  n o n - l i n e a r i t y  i s  g e n e r a l l y  no t
18
i n d i c a t e d .  In  some c a se s  subharmonics a r e  p laced  under the  
g e n e ra l  c l a s s i f i c a t i o n  o f  s p u r io u s  r e s o n a n c e s ,  which a r e  then  
e l im in a te d  by th e  c o s t l y  and time consuming t r i a l  p ro c e d u re s .
With the  con t inuous  development i n  e n g in e e r in g ,  th e  l i m i t s  
o f  speeds  and lo a d in g  o f  machines or  s t r u c t u r e s  a r e  r a i s e d .  This  
must be expec ted  to  i n c r e a s e  th e  in c id e n c e  and im portance  o f  
n o n - l i n e a r  e f f e c t s .  Thus i n  many a p p l i c a t i o n s ,  i n  which 
p r e v io u s l y  n o n - l i n e a r i t y  cou ld  be ig n o re d ,  a  more complete 
a n a l y s i s  becomes e s s e n t i a l .
The e x i s t i n g  knowledge i n  t h i s  f i e l d  i s  by no means com plete .  
F u r the rm ore ,  s in c e  i t  i s  p redom inan t ly  developed i n  o th e r  
d i s c i p l i n e s ,  the  approach  and the  p ro ced u re s  a r e  o f t e n  no t  s u i t ­
a b l e  or easy  to  ap p ly  to  problems i n  m echanical  e n g in e e r in g .
N o n - l in ea r  d i f f e r e n t i a l  e q u a t io n s  i n  most c a se s  cannot be 
so lv e d  e x a c t l y .  S e v e ra l  approxim ate  methods o f  s o l u t i o n  a r e  i n  
e x i s t e n c e .  T h e i r  f i e l d  o f  a p p l i c a t i o n  i s  g e n e r a l l y  r e s t r i c t e d  
and the  cho ice  o f  a method fo r  a p a r t i c u l a r  a p p l i c a t i o n  may be 
d i f f i c u l t .  G e n e ra l ly  the  degree  of  ap p ro x im a t io n ,  or  even the  
l i m i t  of  convergence ,  can n o t  be de te rm ined  from the  method 
i t s e l f *  The a c cu rac y  of  a  p a r t i c u l a r  method can th e n  be 
e s t im a te d  on ly  on the  b a s i s  o f  comparison w ith  ex p e r im en ta l  
r e s u l t s .
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The main o b j e c t  o f  t h i s  i n v e s t i g a t i o n  i s  to  show t h a t  
s t a t i c  d e f l e c t i o n ,  which e x i s t s  i n  most m echanica l  v i b r a t i n g  
systems bu t  i s  g e n e r a l l y  n e g l e c t e d  i n  a t h e o r e t i c a l  a n a l y s i s ,  
has  a c o n s id e r a b le  e f f e c t  on the  v i b r a t i o n  response* The 
approximate  method of  R i t z - G a l e r k i n  i s  used fo r  the  t h e o r e t i c a l  
a n a l y s i s .  By comparison w ith  ex p e r im en ta l  r e s u l t s  o b ta in e d  by 
means o f  an ana logue  computer ,  t h i s  method i s  shown to  be 
s u f f i c i e n t l y  a c c u r a t e  and g e n e r a l l y  s u p e r io r  to  the  o th e r  methods 
used in  t h i s  f i e l d .
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Chapter  2
Genera l  Survey and Scope o f  I n v e s t i g a t i o n
In  m echanical  n o n - l i n e a r  systems damping and r e s t o r i n g  
f o r c e s  a r e  no t  d i r e c t l y  p r o p o r t i o n a l  to  the  v e l o c i t y  and 
d isp lacem en t  r e s p e c t i v e l y .  The r e s u l t i n g  d i f f e r e n t i a l  
e q u a t io n s  fo r  the  v i b r a t i o n  have n o n - l i n e a r  c o e f f i c i e n t s  and 
i n  most ca ses  cannot be so lv e d  e x a c t l y .  The p r i n c i p l e  o f  
s u p e r p o s i t i o n  does no t  a p p ly ,  and the  v i b r a t o r y  motion i s  not  
pu re  bu t  c o n t a in s  h ig h e r  harm onics .
An a l l i e d  bu t  s e p a r a t e  f i e l d  of  s tudy  d e a l s  w i th  systems 
i n  which mass, damping and s p r i n g  s t i f f n e s s  a r e  a f u n c t io n  of 
t im e .  The c o r re sp o n d in g  e q u a t io n s  o f  motion a r e  l i n e a r  bu t  
have v a r i a b l e  c o e f f i c i e n t s .  The c l a s s i c a l  examples a r e  H i l l ’ s 
e q u a t io n ,  and i t s  p a r t i c u l a r  form, the  Mathieu e q u a t io n .  The 
a p p l i c a t i o n  of  the  p r i n c i p l e  o f  i n f i n i t e s i m a l  s t a b i l i t y  to  a 
n o n - l i n e a r  d i f f e r e n t i a l  e q u a t io n  l e a d s  to  a  Mathieu type  
eq u a t io n  | 20 j
.21.
With n o n - l i n e a r  r e s t o r i n g  f o r c e s  the  d e v i a t i o n  from the  
l i n e a r  re sp o n se  i s  most pronounced,  and such systems a r e  more 
o f t e n  encoun te red  i n  p r a c t i c e .  Consequen t ly ,  they  a t t r a c t  
more a t t e n t i o n  than  the  case  o f  n o n - l i n e a r  damping. The 
e x c ep t io n  i s  s e l f - e x c i t e d  v i b r a t i o n  which i s  g e n e ra te d  by a 
n e g a t iv e  component of  damping. As the  v i b r a t i o n  grows, the  
p o s i t i v e  damping becomes n o n ~ l i n o a r , and a l i m i t i n g  am pli tude  
i s  r each ed .  The c l a s s i c a l  example of  such a case  i s  R a y le i g h ’ s 
e q u a t io n  j 9] *
The p r im ary  r e s u l t  o f  a  n o n - l i n e a r  r e s t o r i n g  fo rc e  i s  t h a t  
the  n a t u r a l  f requency  i s  no t  c o n s ta n t  bu t  v a r i e s  w ith  the  
am pli tude  of v i b r a t i o n .  I f  the  r e s t o r i n g  fo rc e  i n c r e a s e s  w ith  
d e f l e c t i o n ,  th e  su sp en s io n  i s  s a id  to  be "ha rden ing^ ,  and the  
n a t u r a l  f requency  i n c r e a s e s  with  am p l i tu d e .  In  the  r e v e r s e  
case  the  su sp en s io n  i s  r e f e r r e d  to  a s  ’’s o f t e n i n g ’*, and the  
n a t u r a l  f requency  d e c re a s e s  w i th  am p l i tu d e .
The fo rc ed  v i b r a t i o n  r e s p o n s e ,  in  which the  predominant 
component of  motion has the  same f requency  as  the  d i s t u r b i n g  
f o r c e ,  i s  c a l l e d  the  harmonic r e so n an ce .  The resonance  
c h a r a c t e r i s t i c s  f o r  v a r io u s  magnitudes of  the  d i s t u r b i n g  fo rc e  
a r e  g e n e ra te d  abou t  the  c o r re sp o n d in g  f r e e  v i b r a t i o n  cu rv e ,  which 
i s  t h e r e f o r e  c a l l e d  the  backbone cu rve .  Due to  th e  c h a r a c t e r ­
i s t i c  bending  over of th e  resonance  curves  a r e a s  of  i n s t a b i l i t y  
e x i s t .
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When the  f requency  o f  th e  d i s t u r b i n g  fo rc e  i s  v a r i e d  
am pli tude  jumps occur  from an u n s ta b le  r e g io n  to  th e  n e a r e s t  
s t a b l e  p o i n t .  The jump phenomenon! was observed  e x p e r im e n ta l ly  
by M ar t ien ssen  j^8j i n  an e l e c t r i c a l  system and by D uff ing  [l*^ 
i n  a m echanical  system.
Another c h a r a c t e r i s t i c  o f  a n o n - l i n e a r  system i s  the  e x i s ­
ten ce  o f  subharmonic and superharmonic r e s o n a n c e s .  In  each 
case  the  o r i g i n a l  harmonic re sonance  i s  e x c i t e d  i n  a s l i g h t l y  
m odif ied  form by d i s t u r b i n g  f o r c e s  of  f r e q u e n c i e s  which a r e  
m u l t i p l e s  or  s u b m u l t ip le s  of  the  n a t u r a l  f requency .  These 
d e f in e  the  o rd e r  number o f  the  r e so n a n ce ,  and in  a p a r t i c u l a r  
case  th e  n a t u r a l  f requency  curve m u l t i p l i e d  by the  r e c i p r o c a l  
o f  i t s  c o r re sp o n d in g  o rd e r  number w i l l  form th e  backbone o f  th e  
r e s p o n s e .
Subharmonics occur a t  f r e q u e n c ie s  h ig h e r  than  th e  harmonic 
r e so n a n ce ,  and the  f requency  o f  the  predominant component of  
motion i s  a  f r a c t i o n  o f  th e  f requency  of the  d i s t u r b i n g  f o r c e ,  
Subharmonics of  o rd e r  j  and h ig h e r  have been s tu d i e d  e x t e n s i v e l y ,  
f o r  example [22j , ( 2 3 j , | 2 4 ] ,  j 2 5 ] ,  *26j ,
iSuperharmonics a r e  e x c i t e d  a t  f r e q u e n c i e s  below th e  harmonic 
r e s o n a n c e .  In  t h i s  case th e  f requency  o f  the  main component o f  
motion i s  a m u l t i p l e  o f  th e  f requency  of  the  d i s t u r b i n g  f o r c e .
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L i t e r a t u r e  on t h i s  t o p i c  i s  l e s s  e x t e n s i v e ,  » {21| , [ 2^ ,
The s t r e n g t h  o f  th e  h ig h e r  harmonics o f  the  d isp lace m en t
d im in i s h e s  p r o g r e s s i v e l y .  S ince subharmonic and superharmonic
re so n a n ces  a r e  e s s e n t i a l l y  a d i r e c t  consequence of  th e  e x i s t e n c e
o f  th e se  h ig h e r  harm onics ,  i t  i s  to  be expec ted  t h a t  the
i n t e n s i t y  of  a p a r t i c u l a r  resonance  depends upon i t s  p ro x im i ty
to  the  harmonic r e so n a n c e .  Thus i n  a system w ith  a
sym m etr ica l  r e s t o r i n g  f o r c e , s in c e  only  odd harmonics e x i s t  i n
th e  d isp la ce m en t ,  the  s t r o n g e s t  r e so n an ces  w i l l  be the  s u p e r -
1harmonic of  o rd e r  3 and subharmonic of  o rd e r  R e s u l t s3
o b ta in e d  by A tk inson  j^2ll and Ludeke < 24j  d i s p l a y  t h i s  t r e n d .
In  p r a c t i c a l  v i b r a t i n g  systems th e  r e s t o r i n g  f o r c e s  a re  
v i r t u a l l y  a lways n o n - l i n e a r .  However, i n  most ca se s  the  non- 
l i n e a r i t y  i s  very  sm all  and a l i n e a r  a n a l y s i s  i s  p e r f e c t l y  
s a t i s f a c t o r y .  O r ig in s  of  n o n - l i n e a r i t y  may be d iv id e d  i n t o  
two main g roups .  In  th e  f i r s t  i t  i s  caused  by im p e r fe c t  
e l a s t i c i t y  or o v e r s t r a i n i n g  o f  the  m a t e r i a l  o f  the  su sp e n s io n .
In  the  second group n o n - l i n e a r i t y  i s  caused by c l e a r a n c e s ,  
com binat ions  and c o n f i g u r a t i o n  of  l i n e a r  components. Examples 
of  s p r in g s  which a r e  s p e c i f i c a l l y  des igned  to  be n o n - l i n e a r  a r e  
s in e  s p r i n g s ,  c o n i c a l ,  hour g l a s s ,  or  b a r r e l  shaped s p r i n g s ,  
w ire  mesh s p r in g s  and c a n t i l e v e r s  f i x e d  i n  shaped clamps.
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The c l a s s i c a l  example o f  a s o f t e n i n g  r e s t o r i n g  fo rc e  
c h a r a c t e r i s t i c  i s  the  l a r g e  am pli tude  v i b r a t i o n  o f  a pendulum»
In  th e  case  o f  v e h i c le  s u sp e n s io n s  sm al l  a n g l e s  o f  p i t c h  and 
r o l l  a r e  no rm al ly  assumed. This  a l lo w s  th e  use o f  l i n e a r  
e q u a t io n s  to  d e f in e  the  motion  of  the  v e h i c l e  body and p roduces  
q u i t e  s a t i s f a c t o r y  r e s u l t s  i n  th e  case  o f  road  t r a n s p o r t .
However, f o r  wheeled and t r a c k e d  v e h i c l e s ,  which have to  move 
th rough  rough t e r r a i n ,  such s i m p l i f i c a t i o n  i s  no lo n g e r  
p e r m i s s i b l e .  When th e  a c t u a l  ang le  f u n c t io n s  o f  th e  r e d b r i n g  
moment a r e  used i n  the  t h e o r e t i c a l  a n a l y s i s  n o n - l i n e a r  e q u a t io n s  
o f  motion r e s u l t ,  A problem o f  a s i m i l a r  n a tu r e  i s  encoun te red  
in  the  employment o f  pendulum v i b r a t i o n  a b s o rb e r s  w i th  a i r c r a f t  
en g in es  [_31~j • Cast  i r o n  and co n c re te  have i n h e r e n t  s o f t e n i n g  
c h a r a c t e r i s t i c s .
C lea rances  i n  mechanisms and com binat ions  of  l i n e a r  s p r i n g s ,  
which come s u c c e s s i v e l y  i n t o  c o n t a c t  w i th  the  v i b r a t i n g  body, 
produce h a rd en in g  s p r in g  c h a r a c t e r i s t i c s .  Systems w ith  e l a s t i c  
am pli tude  l i m i t o r s  and j o u r n a l  b e a r in g s  w ith  l a r g e r  c l e a r a n c e s  
a r e  some p r a c t i c a l  examples,  R e s u l t s  o f  an i n v e s t i g a t i o n  of the  
n o n - l i n e a r  v i b r a t i o n  produced i n  the  d r iv e  o f  a r e v o l v i n g  k i l n  by 
gear  t e e t h  c l e a r a n c e s  a r e  p r e s e n te d  by Chaloupka [^52j • Some 
e f f e c t s  of  a b e a r i n g  w ith  sym m etr ica l  n o n - l i n e a r  s t i f f n e s s  on 
s h a f t  w h i r l  a r e  shown by B i l l e t t
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The p re se n ce  o f  s u p p o r t s  or f l e x i b l e  c o u p l in g s ,  i n  which 
ru b b e r  or l e a t h e r  i s  used ,  w i l l  r e s u l t  i n  n o n - l i n e a r  s t i f f n e s s ,  
Recent unpub l ished  work on such a system v e r i f i e s  e x p e r im e n ta l ly  
th e  e x i s t e n c e  o f  a n o n - l i n e a r  r e s p o n s e ,  which in c lu d e s  a number 
o f  subharm onics•
Various c o n f i g u r a t i o n  systems of l i n e a r  s p r i n g s ,  o f  which 
the  most common form i s  the  to g g le  s p r in g  su sp e n s io n ,  produce 
n o n - l i n e a r  r e s t o r i n g  f o r c e s  and torques*  Molyneux / 28 ] 
d e te rm in es  a n a l y t i c a l l y  e x p r e s s io n s  fo r  the  s t i f f n e s s  o f  a 
number of  such combinations*
In  the  s tu d y  of  the  e f f e c t s  o f  v i b r a t i o n  on the  human body 
n o n - l i n e a r  a n a l y s i s  must be expec ted  to  become im p o r ta n t ,  s in c e  
the  r e s t o r i n g  and damping f o r c e s  d e v ia te  c o n s id e r a b ly  from the  
l i n e a r  ca se .  Some e x p e r im e n ta l  r e s u l t s ,  o b ta in e d  by Coermann 
and Z iegenruecker  and p r e s e n t e d  by von Gierke i n  h i s  paper  ,
o f  a c c e l e r a t i o n  and phase an g le  i n  l o n g t i t u d o n a l  v i b r a t i o n  of  
the  abdominal w a l l  have the  c h a r a c t e r i s t i c s  of  n o n - l i n e a r  
v i b r a t i o n ,  I n c lu d in g  a subharmonic and superharmonic r e so n a n c e .
In  the  d i f f e r e n t i a l  eq u a t io n  o f  motion fo r  th e  d i r e c t i o n a l  
s t a b i l i t y  o f  s h i p s ,  the  moment of  the  leeway fo rc e  i s  n o n - l i n e a r ,  
Another example of  n o n - l i n e a r  e l a s t i c i t y  i s  the  d i f f e r e n t i a l  
e q u a t io n  o f  the  Williams gauge used fo r  th e  i n v e s t i g a t i o n  of
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e x p lo s iv e  b l a s t  i n  a i r .  In  th e  case of  th e  o s c i l l a t i o n  o f  a 
s p h e r i c a l  gas f i l l e d  c a v i t y  i n  a f l u i d ,  b o th  n o n - l i n e a r  
e l a s t i c i t y  and damping a r e  p r e s e n t .
Genera l  su rv ey s  of  the  f i e l d  of  n o n - l i n e a r  v i b r a t i o n  and 
e x t e n s iv e  b i b l i o g r a p h y  a r e  p r e s e n te d  in  p a p e rs  (12j  t I^^J» |^14]. 
I n  th e  l a s t  s t a t e d  G lauser  g iv e s  some very  i n t e r e s t i n g  examples 
o f  n o n - l i n e a r i t y ,  such a s  th e  t i d a l  f low o f  motor t r a f f i c  and 
m e te o r o lo g ic a l  phenomena,
H o n - l i n e a r i t y  i s  a l s o  in t ro d u c e d  d e l i b e r a t e l y  i n  the  d es ign  
of  mechanisms, i n  o rd e r  to  u t i l i s e  some r e q u i r e d  a s p e c t  o f  the  
n o n - l i n e a r  r e s p o n s e .  P erhaps  the  most common example i s  the 
su sp en s io n  o f  more d e l i c a t e  in s t ru m e n t s  or cameras i n  a 
v i b r a t i o n  and shock e n v i ro m e n t , such a s  i n  a i r c r a f t  and s h ip s ,
A n o n - l i n e a r  h a rd en in g  mounting p r o v id e s ,  a t  low a m p l i tu d e s ,  
i s o l a t i o n  from fo rc e d  v i b r a t i o n .  The h a rd en in g  e f f e c t  a t  l a r g e  
am p l i tu d e s  o f f e r s  r e a s o n a b le  p r o t e c t i o n  from shock l o a d s .  The 
use o f  n o n - l i n e a r  v i b r a t i o n  a b s o rb e r s  r ed u c e s  the  r i s k  o f  l a r g e  
am pli tude  v i b r a t i o n s  of  the  main system b u i l d i n g  up when i t  i s  
ru n  up to  normal o p e r a t in g  speeds  |^ 55l  •
In  many c a s e s ,  such a s  f o r  example pendulums, t e n s io n e d  
wire su sp en s io n s  and to g g le  s p r i n g s ,  the  r e s t o r i n g  fo r c e  i s  
ex p re s sed  a s  a s e r i e s  ex p an s io n ,  which g e n e r a l l y  c o n t a i n s  odd
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te rm s o n ly .  For most a p p l i c a t i o n s  th e  f i r s t  two te rm s ,  th e  
l i n e a r  and the  cub ic  terra,  a r e  a s a t i s f a c t o r y  a p p ro x im a t io n .
The r e s u l t i n g  d i f f e r e n t i a l  e q u a t io n  of  motion i s  r e f e r r e d  to  a s  
the  D uff ing  e q u a t io n ,  and i t  forms the  b a s i s  o f  most s t u d i e s  i n  
th e  f i e l d  o f  v i b r a t i o n  w i th  n o n - l i n e a r  e l a s t i c i t y .
The more g e n e r a l  ca se  o f  a non-odd r e s t o r i n g  f o r c e ,  d e f in e d  
by the  f i r s t  t h r e e  terras o f  th e  power ex p an s io n ,  has  r e c e iv e d  
p r a c t i c a l l y  no a t t e n t i o n .  Although the  r e s u l t i n g  a n a l y s i s  i s  
more l a b o r i o u s ,  i t  r e p r e s e n t s  a more p r a c t i c a l  and complete 
app roach ,  s in c e  r e s t o r i n g  f o r c e s  a r e  much more l i k e l y  to  be of  
t h i s  ty p e ,  p red o m in an t ly  due to  the  e f f e c t  o f  g r a v i t y .  I t  i s  
s i g n i f i c a n t  i n  t h i s  r e s p e c t  t h a t  i n  a l l  a v a i l a b l e  ex p e r im en ta l  
r e s u l t s  subharmonics o f  o rd e r  -g- occur .  The resp o n se  o f  such a 
system d i f f e r s  r a d i c a l l y  from th e  s im p le r  case  o f  th e  odd type 
r e s t o r i n g  f o r c e ,  and i t  c o n s t i t u t e s  the  main o b je c t  o f  t h i s  
i n v e s t i g a t i o n .
The non-odd type o f  r e s t o r i n g  f o r c e ,  c o n t a in i n g  th e  f i r s t  
t h r e e  terras o f  th e  power s e r i e s ,  i s  co n s id e re d .  For p r a c t i c a l  
r e a s o n s  the  asymmetry i s  e x p re s sed  i n  terms of  the  s t a t i c  
d e f l e c t i o n  p a ra m e te r ,  which i s  produced by the  dead weight  of  
the  v i b r a t i n g  mass. The d i s t u r b i n g  fo rc e  i s  o f  the  ^ c e n t r i f u g a l ” 
t y p e ,  a s  t h i s  i s  more common i n  p r a c t i c e ,  A d e t a i l e d  a n a l y s i s  
i s  c a r r i e d  out  f o r  the  f r e e  v i b r a t i o n ,  harmonic r e s o n a n c e ,
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subharmonic resonance  of  o rd e r  -J and superharnaonio resonance  
o f  o rde r  2* To keep the  i n v e s t i g a t i o n  w i th in  r e a s o n a b le  
l i m i t s  only the  undamped v i b r a t i o n  i s  c o n s id e re d .  D i s s i p a t i v e  
f o r c e s  o c c u r in g  n a t u r a l l y  i n  p r a c t i c a l  systems a r e  r e l a t i v e l y  
s m a l l ,  hence the  re sp o n se  i s  no t  unduly m o d if ied ,  and i n  most 
c a s e s  u s e f u l  comparisons and co n c lu s io n s  can be made.
S e v e ra l  methods a r e  a v a i l a b l e  fo r  the  approxim ate  s o l u t i o n  
of  n o n - l i n e a r  d i f f e r e n t i a l  e q u a t io n s .  The m a j o r i t y  a r e  
r e s t r i c t e d  to  autonomous system s and sm all  magnitudes o f  non- 
l i n e a r i t y .  The i d e a l  method, from th e  v iew po in t  of  the  
e n g in e e r ,  i s  one which p roduces  u n d e r s ta n d ab le  and a p p l i c a b l e  
r e s u l t s  and has  a wide f i e l d  o f  a p p l i c a t i o n .
The p e r t u r b a t i o n  method i s  the  l o n g e s t  i n  e x i s t e n c e  and 
was o r i g i n a l l y  developed to  d e a l  w ith  problems in  as tronomy.
The a p p l i c a t i o n  o f  t h i s  method a t  a l a t e r  s ta g e  to  v i b r a t i o n  
problems r e s u l t e d  i n  some m od if ica t ion ; ,  which were n e c e s s a ry  
to  overcome i n a c c u r a c i e s  due to  the  so c a l l e d  s e c u l a r  te rm s .  
These terms in c r e a s e  c o n t in u o u s ly  w ith  t im e ,  and a t  th e  
co m p ara t iv e ly  h igh  f r e q u e n c i e s  of  v i b r a t i o n  make the  s o l u t i o n  
com ple te ly  i n a c c u r a t e .  The m odif ied  forms o f  t h i s  method a re  
g iv e n ,  fo r  example, i n  r e f e r e n c e s  £l(^ and [l3^ . I t  i s  a 
r a t h e r  cumbersome method and r e q u i r e s  sm a l l  n o n - l i n e a r i t y  fo r  
th e  convergence of  s o l u t i o n .
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Thû method of  K ry l o f f  and B ogo l iuboff  | 9l  i s  a l s o  ' 
r e s t r i c t e d  to  q u a s i - l i n e a r  sys tem s.  I t  i s  however r e l a t i v e l y  
easy  to  ap p ly ,  p a r t i c u l a r l y  i n  i t s  f i r s t  ap p rox im a t ion  form.
I t  can a l s o  d e a l  w ith  n o n - s te a d y  v i b r a t i o n .
Both th e s e  methods deve lpp  s o l u t i o n s  i n  the  neighbourhood 
o f  the  l i n e a r  v i b r a t i o n ,  hence they  cannot be a p p l i e d  to  
systems which do no t  have a l i n e a r  t e r n  i n  the  r e s t o r i n g  f o r c e .  
Systems w ith  a sy m m etr ica l  e l a s t i c i t y  a l s o  p r e s e n t  d i f f i c u l t i e s .
The a p p l i c a t i o n  by Thurs ton  [o]  of  Newton 's  method of 
approx im at ion  to  problems i n  n o n - l i n e a r  mechanics ,  i n c l u d i n g  
v i b r a t i o n ,  p roduces  s a t i s f a c t o r y  r e s u l t s .  However, th e  method 
does not  appear  to  be o u t s t a n d i n g ,  and i t  i s  r a t h e r  l a b o r i o u s .
Numerical methods i n  c o n ju n c t io n  w i th  d i g i t a l  computers 
a r e  a very  u s e f u l  a i d  i n  s o lv i n g  n o n - l i n e a r  e q u a t io n s .  Some 
d i f f i c u l t i e s  a r i s e  when damping i s  p r e s e n t  and when d e a l in g ,  
w i th  the  v a r io u s  forms o f  r e s o n a n c e s .  Also the  sequence of  
o p e r a t io n  r e s u l t s  i n  a p o i n t  s o l u t i o n ,  and hence an o v e r a l l  
i n t e r p r e t a t i o n  cannot be made. A simple and y e t  very  e f f e c t i v e  
approach ,  i f  s u f f i c i e n t l y  sm a l l  time i n t e r v a l s  a r e  used ,  i s  to  
assume c o n s ta n t  a c c e l e r a t i o n ,  which l e a d s  to  a s imple num erica l  
i n t e g r a t i o n  p ro ced u re ,  A more s o p h i s t i c a t e d  method i s  
developed by Brock in  h i s  paper  [7jo
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G ra p h ica l  methods a r e  used e i t h e r  fo r  th e  s o l u t i o n  o f  
n o n - l i n e a r  a l g e b r a i c  e q u a t io n s  resu l t ing*  from the  a p p l i c a t i o n  
o f  a n a l y t i c  methods to  th e  d i f f e r e n t i a l  e q u a t io n ,  or f o r  the  
d i r e c t  s o l u t i o n .  An example of  the  l a t t e r  i s  the  d e l t a  phase 
p la n e  method developed by Jacobsen  [*291 • These methods a r e  
very  u s e f u l  and p o w er fu l ,  b u t  they  a r e  l i m i t e d  by t h e i r  very  
n a tu r e  to  s p e c i a l  caseâ  and do no t  a l lo w  to  o b t a in  g e n e ra l  
r e s u l t s .
Another approxim ate  method, which a t  f i r s t  s i g h t  ap p e a rs  
to  be very  c o a r s e ,  i s  o f  p a r t i c u l a r  i n t e r e s t  i n  the  e n g in e e r in g  
f i e l d .  I t  i s  p red o m in an t ly  u s e f u l  a s  a f i r s t  ap p rox im a t ion .
At h ig h e r  ap p ro x im a t io n s  th e  p rocedure  becomes very  l a b o r i o u s  
and i t s  advan tage  over o th e r  methods i s  l a r g e l y  l o s t .  I t  i s  
a t t r a c t i v e  because  o f  i t s  m a them atica l  s i m p l i c i t y  and i t s  g e n e ra l  
a p p l i c a b i l i t y  to  v a r io u s  ty p e s  o f  n o n - l i n e a r i t y .  I t  i s  e s s e n t i a l l y  
th e  method o f  undetermined c o e f f i c i e n t s ,  a s  used fo r  the  s o l u t i o n  
o f  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s ,  w ith  very  s imple m o d i f i c a t i o n s .
The b a s i c  p rocedu re  i s  d e s c r ib e d  by P ip es  [2.7 \% and the  method 
i s  a p p l i e d  w i th  a d d i t i o n a l  s i m p l i f i c a t i o n s  to  subharmonic 
r e so n a n ces  by Ludoke (2 4 | and Hayashi / 26I . Here i t  w i l l  be 
r e f e r r e d  to  a s  th e  d i r e c t  s u b s t i t u t i o n  method.
The R i t z - G a l e r k i n  method, which has  a s  y e t  a t t r a c t e d  
r e l a t i v e l y  l i t t l e  a t t e n t i o n  i n  the  f i e l d  of  n o n - l i n e a r  v i b r a t i o n ,
31
ap p e a r s  to  be s u p e r i o r  i n  most r e s p e c t s  to  the  o th e r  methods.
By the  use o f  v a r i a t i o n a l  methods a g e n e r a l i s e d  p rocedu re  i s  
e s t a b l i s h e d ,  which i s  then  used fo r  the  s o l u t i o n  of  n o n - l i n e a r  
d i f f e r e n t i a l  e q u a t io n s .  I t  i s  m a th em a t ica l ly  q u i t e  s im p le .
The p roper  form of  the  approxim ate  s o l u t i o n  has to  be assumed.
I t  must s a t i s f y  the  boundary c o n d i t io n s  and the  p h y s i c a l  r e s t r a i n t s  
o f  the  v i b r a t i n g  system. In  th e  c a s e , o f  v i b r a t i o n  the  c h o ic e ,  
w i th  some e x p e r i e n c e ,  does n o t  p r e s e n t  any undue d i f f i c u l t i e s .
The r e s u l t  of  th e  a p p l i c a t i o n  o f  t h i s  method i s  i n  the  c lo sed  
form of  a l g e b r a i c  e q u a t io n s ,  th u s  a l lo w in g  an i n t e r p r e t a t i o n  
and d i s c u s s io n  o f  the  i n f l u e n c e  of  the  p a ram e te rs  in v o lv e d .  The 
magnitude of n o n - l i n e a r i t y  and of  the d i s t u r b i n g  f o rc e  has  
r e l a t i v e l y  l i t t l e  e f f e c t  on th e  accu racy  of  the  s o l u t i o n .  The 
method can be a p p l i e d  w i th  ease  to  systems w ith  r e s t o r i n g  f o r c e s  
which do not  have the  l i n e a r  component or a r e  a sy m m etr ica l .
The R i t z - G a l e r k i n  method i s  developed and a p p l i e d  by K l o t t e r  
to  f r e e  and fo rc ed  v i b r a t i o n  o f  a  number of  d i f f e r e n t  sys tem s,
L\i ’ , [ 4 j .  Where p o s s i b l e  h i s  r e s u l t s  a r e  compared
w i th  exac t  s o l u t i o n s  and a r e  shown to  be very  s a t i s f a c t o r y .  The 
v i b r a t i o n  re sp o n se  o f  a system w ith  a sym m etr ica l  r e s t o r i n g  fo rc e  
i s  i n v e s t i g a t e d  by Burgess  13] u s in g  the  R i t z - G a l e r k i n  and the  
p e r t u r b a t i o n  methods. The f i r s t  i s  shown to  be g e n e r a l l y  s u p e r io r ,  
Subharmonic and superharmonic  re so n an ces  o f  o r d e r s  j  and 3 
r e s p e c t i v e l y  a r e  a l s o  a n a ly s e d .
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Only a sm all  p r o p o r t i o n  of  th e s e  r e s u l t s ,  one superharmonic 
c h a r a c t e r i s t i c ,  i s  v e r i f i e d  e x p e r im e n ta l ly  by A tk inson  l_2]J 
u s in g  an ana logue computer.
The re q u i r e m e n ts  o f  the  t h e o r e t i c a l  a n a l y s i s  f o r  th e  
p r e s e n t  i n v e s t i g a t i o n  a r c  s a t i s f i e d  b e s t  by the  H i t z - G a l e r k in  
method, which i s  co n s eq u en t ly  s e l e c t e d , w i t h  the d i r e c t  
s u b s t i t u t i o n  method as  a good second a l t e r n a t i v e .
T h e o r e t i c a l  r e s u l t s  f o r  a l l  i n v e s t i g a t e d  modes o f  v i b r a t i o n  
a r e  v e r i f i e d  e x p e r i m e n ta l l y .  The use o f  mechanica l  a p p a ra tu s  
was co n s id e red  i n i t i a l l y ,  bu t  a f t e r  some exper im en ts  i t  became 
obvious  t h a t ,  because o f  d i f f i c u l t i e s  i n  th e  c o n t r o l  o f  the  
numerous p a ra m e te rs  i n v o lv e d ,  the  r e s u l t s  would no t  be 
s u f f i c i e n t l y  a c c u r a t e  f o r  s a t i s f a c t o r y  com par isons• Consequent ly  
an e l e c t r o n i c  ana logue computer was chosen fo r  a l l  e x p e r im en ta l  
work.
In  the  few c a s e s ,  where ex p e r im en ta l  i n v e s t i g a t i o n  of non­
l i n e a r  v i b r a t i o n  i s  c a r r i e d  o u t ,  analogue computers a r e  p r e ­
dom inantly  used .  P rov ided  th e  e q u a t io n  o f  motion,  which i s  
used a s  the  b a s i s  o f  the  computer c i r c u i t s ,  i s  a p p l i c a b l e ,  the  
r e s u l t s  c o n ta in  a l l  the  p h y s i c a l  c h a r a c t e r i s t i c s  o f  th e  a c t u a l  
phenomenon. In  f a c t  one o f  t h e s e ,  the  t r a n s i e n t  v i b r a t i o n  
e x c i t e d  by the  s t a r t  o f  com puta t ion ,  which i s  e q u i v a l e n t  to  an
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i n i t i a l  d i s t u r b a n c e ,  p r e s e n t e d  some d i f f i c u l t y  i n  the  case  o f  
fo rc e d  v i b r a t i o n .  The on ly  r e a l  i d e a l i s a t i o n  of  the  e q u a t io n  
o f  motion i s  the  n e g l e c t i n g  of  damping. In  a m echanical  model 
th e  d i s s i p a t i v e  f o r c e s  a r e  a i r  r e s i s t a n c e ,  i n t e r n a l  f r i c t i o n  of  
the  m a t e r i a l ,  and e x t e r n a l  f r i c t i o n  in  clamps and j o i n t s .  The 
r e s u l t i n g  o v e r a l l  damping i s  sm all  but  n o n - l i n e a r ,  and i t s  
p re se n ce  i s  a d i s a d v a n ta g e  i n  the  i n v e s t i g a t i o n  of the  e f f e c t  
o f  n o n - l i n e a r  r e s t o r i n g  f o r c e s  on the  v i b r a t i o n  r e s p o n s e ,  and i n  
the  v e r i f i c a t i o n  o f  th e  ac cu rac y  o f  an approxim ate  method.
CHAPTER 3
T h e o r e t i c a l  C o n s id e r a t i o n s
In  p r a c t i c e  many n o n - l i n e a r  r e s t o r i n g  f o r c e s  a r e  ex p re s sed  
i n  terms of power s e r i e s .  In  most ca ses  terms of  powers 
h ig h e r  than  the  cubic  a r e  n e g l i g i b l y  sm a l l  and a r e  o m it ted  i n  
a n a l y t i c a l  s o l u t i o n s .  The c l a s s i c a l  examples a r e  pendulums 
w i th  l a r g e  a n g le s  of  swing and to g g le  s p r i n g  su sp e n s io n s  jpS j ,
Very o f t e n  th e  r e s t o r i n g  f o r c e  c h a r a c t e r i s t i c  i s  of  th e  odd 
ty p e ,  and i t s  p o i n t  o f  symmetry c o in c id e s  th en  w ith  the  
e q u i l ib r iu m  p o s i t i o n .  I f  th e  su sp en s io n  has to  s u p p o r t  w e igh t ,  
a s  i t  i s  the  case  g e n e r a l l y ,  an odd r e s t o r i n g  fo rc e  c h a r a c t e r i s t i c  
becomes unsym m etr ica l  due to  the  r e s u l t i n g  s t a t i c  d e f l e c t i o n .
Hence the  most g e n e ra l  case  i s  a r e s t o r i n g  fo rc e  c h a r a c t e r i s t i c  
w i th  even and odd te rm s ,  i n  which the former a r e  d e f in e d  by 
means o f  th e  s t a t i c  d e f l e c t i o n  p a ra m e te r .  The s o l u t i o n  can be 
e a s i l y  a p p l i e d  to  a  sym m etr ica l  system by e q u a t in g  th e  s t a t i c  
d e f l e c t i o n  to  z e ro .
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3 . 1  Equation  of  motion
In  th e  s i n g l e  degree  o f  freedom system, shown i n  
th e  r e s t o r i n g  fo rc e  P i s  o f  th e  odd ty p e ,  and hence i t  i s  
sym m etr ica l  abou t  the  p o i n t  o f  zero d e f l e c t i o n .  The expans ion  
f o r  the  r e s t o r i n g  fo rc e  P ,  i s  approximated  to  by th e  f i r s t  two 
te rm s .
P ~ Ky + x y ^ ,     ( 3 .1 )
where y i s  the  t o t a l  d e f l e c t i o n  of  the  s p r in g .
The co r re sp o n d in g  s t i f f n e s s  i s  o b ta in ed  by d i f f e r e n t i a t i n g  
w i th  r e s p e c t  to  y , th u s
dP p= K + 3xy   ( 3 . 2 )
Since the  n o n - l i n e a r  r e sp o n se  o r i g i n a t e s  from the  
co r re sp o n d in g  l i n e a r  r e s p o n s e , i t  i s  conven ien t  to  in t r o d u c e  
th e  e q u iv a le n t  l i n e a r  n a t u r a l  f requency  a s  one of  the  
p a ram ete rs  by f i r s t  r e a r r a n g i n g  e q u a t io n  (3 * 1 ) ,  namely
3P = K (y  + py ) ,    ( 3 . 3 )
where p = g^which has th e  d imensions
The d i s t u r b i n g  fo r c e  i s  o f  the  " c e n t r i f u g a l ” ty p e ,  and I t  
i s  assumed t h a t  h o r i z o n t a l  motion of th e  system i s  p revented*  
The weight o f  the  mass must be in c lu d ed  s in c e  i n  the  non-
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l i n e a r  case i t  i s  no t  eq u a l  a t  every  i n s t a n t  to  the  s t a t i c  
f o rc e  in  the  s p r in g .  The f o r c e s  a c t i n g  on th e  system a r e  
shown in  F i g , 3 « l ,  and th e  r e s t o r i n g  fo rc e  c h a r a c t e r i s t i c  i n  
F ig .  3 .2 .
The e q u a t io n  o f  motion i s  w r i t t e n  f o r  th e  e q u i l ib r iu m  
o f  f o r c e s  a s  f o l lo w s ;
% 2 my + K(y ^ v-y ) -  mg = m ew cos wt ................... .. (3 .4 )
I f  X i s  the  v i b r a t o r y  d i s p l a c e m e n t , measured from the  
p o s i t i o n  o f  s t a t i c  e q u i l i b r i u m ,  and A i s  the  s t a t i c  d e f l e c t i o n  
due to  the  g r a v i t a t i o n a l  f o r c e  mg, then  the  fo l lo w in g  e q u a t io n  
can be w r i t t e n  fo r  the  s t a t i c  e q u i l ib r iu m  of  the  system, namely
•zK(A -h pA ) =: mg (3*5)
During the  v i b r a t i o n  th e  in s t a n t a n e o u s  t o t a l  d e f l e c t i o n  i s
g iven  by
y — ( a + x ) & * « . « « . . . . ( 3 * 6 )
S u b s t i t u t i o n  o f  e q u a t io n  (3*6) i n t o  e q u a t io n  (3*4) g iv e silX + K |(A -t- x) -1- p(A + x) I -mg r= m e Ü) cos wt 1 o
(3 .7 )
which can be w r i t t e n  a s
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mx + K |(A + x)  -I- + 3A^x + 3 A x ^  + x^)j ■mg
2= m^eoj cos w t . * (3 .8 )
S u b s t i t u t i n g  f o r  mg from e q u a t io n  (3*3) @.nd d iv id i n g  by m
2  2  2  3  1 2X + p } (1 + 3]J'A )x + 3bAx + px I = 2cü cos o)t ,
(3 .9 )
where Z = §'“e i s  the  am p l i tu d e  of the  d i s t u r b i n g  fo rc e
Equation  (3*9) i s  the  f i n a l  form of  the  eq u a t io n  of 
m otion ,  which i s  most co nven ien t  f o r  t h e o r e t i c a l  and 
ex p e r im en ta l  so lu t io n *
3 .2  Genera l  S o lu t io n  by th e  R i t z - G a l e r k i n  Method
The e s sen ce  of the  R i t z - G a l e r k in  method i s  t h a t  a 
p r o p e r ly  chosen approxim ate  s o l u t i o n ,  i n  the  form of  a s e r i e s ,  
i s  s u b s t i t u t e d  i n t o  the  e q u a t i o n . ' The s o l u t i o n  de te rm in es ,  
f o r  the  assumed form of the  ap p ro x im a t io n ,  b e s t  v a lu es  o f  the  
c o e f f i c i e n t s  of  th e  s e r i e s  on the  b a s i s  of  minimum e r r o r  i n  
th e  average  energy  per  cycle* The development o f  th e  method, 
which i s  w e l l  e s t a b l i s h e d ,  i s  g iven  fo r  r e f e r e n c e  i n  Appendix I .
The f u n c t i o n s  chosen f o r  the  s e r i e s  s o l u t i o n  must be 
c o n s i s t e n t  w i th  the  p h y s i c a l  r e s t r a i n t s  o f  th e  v i b r a t i n g  system,
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a n d  r n u o t  a l s o  s a t i s f y  t h e  p e r i o d i c i t y  r e q u i r e m e n t s ,  t h a t  i s  t o  
s a y  t h e  b o u n d a r y  c o n d i t i o n s *  T h e  a c c u r a c y  d e p e n d s  u p o n  t h e  
n u m b e r  o f  t e r r a s  u s e d  i n  t h e  s e r i e s .  I n  t h e  c a s e  o f  v i b r a t i o n  
t h e  f i r s t  t w o  r e q u i r e m e n t s  a r e  e a s i l y  s a t i s f i e d  b y  t h e  p r o p e r  
c h o i c e  o f  t h e  t e r m s  o f  a  F o u r i e r  e x p a n s i o n .  I n  t h i s  c a s e ,  
b e c a u s e  o f  t h e  a b s e n c e  o f  d a m p i n g ,  e i t h e r  o n l y  s i n e  o r  c o s  
t e r m s  n e e d  b e  u s e d ,  d e p e n d i n g  u p o n  t h e  t y p e  o f  t h e  d i s t u r b i n g  
f o r c e .  I f  t h e  r e s t o r i n g  f o r c e  c h a r a c t e r i s t i c  i s  o d d ,  o n l y  
o d d  t e r m s  w i l l  e x i s t  i n  t h e  m o t i o n .  H e r e  h o w e v e r ,  t h i s  
c h a r a c t e r i s t i c  i s  n o t  s y m m e t r i c a l  a b o u t  t h e  s t a t i c  e q u i l i b r i u m  
p o s i t i o n ,  h e n c e  b o t h  e v e n  a n d  o d d  t e r r a s  m u s t  b e  u s e d  i n  
a d d i t i o n  t o  a  c o n s t a n t ,  w h i c h  a l l o w s  f o r  t h e  s h i f t  o f  t h e  m e a n  
d y n a m i c  d i s p l a c e m e n t  f r o m  t h e  s t a t i c  e q u i l i b r i u m  p o s i t i o n .
R e s u l t s  o b t a i n e d  b y  B u r g e s s  a n d  A t k i n s o n  s 6 l  , f o r  a
s y s t e m  w i t h  a  s y m m e t r i c a l  r e s t o r i n g  f o r c e  c h a r a c t e r i s t i c ,  
i n d i c a t e  t h a t  t h e  t h i r d  h a r m o n i c  c o m p o n e n t  o f  m o t i o n  i s  n o t  
e n t i r e l y  n e g l i g i b l e .  B e c a u s e  o f  t h e  m a g n i t u d e  o f  t h e  
q u a d r a t i c  t e r r a  i n  r e l a t i o n  t o  t h e  c u b i c  t e r r a  i n  e q u a t i o n  ( 3 . 9 ) ,  
t h e  s e c o n d  h a r m o n i c  w i l l  g e n e r a l l y  b e  g r e a t e r  t h a n  t h e  t h i r d .
I t  i s  a l s o  t h e  p r e d o m i n a n t  c o m p o n e n t  o f  m o t i o n  i n  t h e  s u p e r -  
h a r m o n i c  o f  o r d e r  2 .
I n  c o n s e q u e n c e  o f  t h e s e  r e q u i r e m e n t s  t h e  e x p r e s s i o n  
s e l e c t e d  f o r  t h e  g e n e r a l  s o l u t i o n  i s
-  39 -
X = M + Q^cos rat + Q^coe 2wt + Q^cos 3<*>t (3 .1 0 )
This w i l l  be r e f e r r e d  to  a s  the  f o u r - t e r m  s o l u t i o n .
The s im p le s t  form of  th e  ap p ro x im a t io n ,  which can be 
used i n  t h i s  c a s e , c o n s i s t s  of  the  c o n s ta n t  and the  fundamen­
t a l  o f  the  m otion ,  and i s  d e f in e d  a s  the  two-term s o l u t i o n ^ t h u s
Higher harmonics added to  eq u a t io n  (3*11) w i l l  r e s u l t  i n  
a s l i g h t  improvement o f  a c cu ra c y  of the  app ro x im a t io n ,  bu t  a l s o  
i n  a c o n s id e r a b le  i n c r e a s e  i n  th e  l a b o r i o u s n e s s  of  th e  s o lu t io n *  
F o r t u n a t e l y  i t  i s  s u f f i c i e n t  to  so lve  e q u a t io n  (3«9) on ly  once 
w i th  the  fo u r - t e r m  ap p ro x im a t io n .  From t h i s ,  r e s u l t s  f o r  the  
two-term ap p ro x im a t io n ,  and f o r  the  v a r io u s , . t y p e s .o f  r e s o n a n c e s ,  
can be d e r iv e d  w ith  e a s e .
R ea r ra n g in g  the  b a s i c  e q u a t io n  (3 .9 )
2X + p (1 + 3vA^)x + 3^Ax^ 'h px^ 1 -^o3c 'o 's  (i)t = E(x)j
( 3 . 1 2 )
Since the  e x p re s s io n  x i n  the  above e q u a t i o n , i s  no t  exac t  
the  r i g h t  hand s id e  o f  e q u a t io n  (3 .12 )  0 ,  bu t  has some
rem ainder  va lue  or e r r o r  f u n c t io n  E ( x ) « In the  fo l lo w in g
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±u  o rd e r  to  s i m p l i f y  n o t a t i o n ,  the  symbol E(x) i s  used  to  
r e p r e s e n t  the  whole e q u a t io n .
A p p l i c a t i o n  o f  th e  method to  e q u a t io n  (3*12) w i th  th e  
fo u r - t e r m  s o l u t i o n  (3 -10)  r e s u l t s  i n  th e  fo l lo w in g  R i t a  c o n d i t i o n s ;
2 i t
Jo
' 2%
E(x)d (m t)  s  0 (3*13)
E (x )co s  (*)t d(ü)t) =s 0 (3 .1 4 )
2n
E (# )co s  2wt d(o)t) =s 0 (3 .1 5 )
2k
E ( x ) c o s  3 w t  d ( w t )  = 0 (3 .1 6 )
A f te r  i n t e g r a t i o n  and some a l g e b r a i c  m a n ip u la t io n  four  
s im u l tan eo u s  n o n - l i n e a r  a l g e b r a i c  e q u a t io n s  a r e  o b ta in e d .
2M 1 + M + 3&R + 3R(Çf + §2 + + I = 0
(3 .1 7 )
}|_^ z + q ^ ( l - t f )  + 3Q^R‘" + 3Q2<Qi  + %)-S + f
+ f  + Qg) = 0
q  + 2 (Q^ + Q p  
. . . .  (3 . 18)
— 4 l —
) + 3^2^^ + + I  % )R  + f  Q2 F 2 + + Q§)1 +
+ ^  qQgQy = 0    ( 3 . 19 )
Q^(l-9^|^) + 3QjH^ + 3Q]_q2® + I  % | q |  + 2 (Q^ + +
+ I  Qi (3Q.2 + Q^) = 0   (3 .2 0 )
The bar  over the  symbol deno tes  the  co r re sp o n d in g  non- 
d im ensiona l  q u a n t i t y , >1= ^  i s  the  non-d im ens iona l  f re q u en cy ,  
and R = A + Fl.
5 .3  Genera l  S o lu t io n  by the  D i r e c t  S u b s t i t u t i o n  Method
The d i r e c t  s u b s t i t u t i o n  method i s  the  s im p le s t  method fo r  
th e  s o l u t i o n  of  s te a d y  s t a t e  n o n - l i n e a r  v i b r a t i o n .  S u r p r i s i n g l y  
i t  i s  a l s o  l e s s  r e s t r i c t e d  and o f t e n  more a c c u r a t e  than  o th e r  
more com plica ted  methods. In  the  f i r s t  app rox im at ion  i t  w i l l  
be shown to  be a s  good a s  th e  R i t z - G a le r k in  and p e r t u r b a t i o n  
methods, and s u p e r io r  to  th e  K ry lo f f -B o g o l iu b o f f  method. Because 
of i t s  m a them at ica l  s i m p l i c i t y  i t  i s  very  a c c e p ta b le  i n  the  
e n g in e e r in g  f i e l d ,  and d e s e rv e s  more a t t e n t i o n  than  i t  has 
r e c e iv e d  in  the  p a s t .
I t  i s  e s s e n t i a l l y  th e  method of  under te rm ined  c o e f f i c i e n t s  
a s  used i n  the  s o l u t i o n  o f  l i n e a r  d i f f e r e n t i a l  equa t ions*  An
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a p p r o x i m a t i o n ,  w h i c h  i s  c o n s i s t e n t  w i t h  t h e  p h y s i c a l  
r e q u i r e m e n t s  o f  t h e  p r o b l e m ,  i s  a s s u m e d  a n d  s u b s t i t u t e d  i n t o  
t h e  e q u a t i o n .  B y  c o m p a r i s o n  o f  c o e f f i c i e n t s  t h e  u n k n o w n  
a m p l i t u d e s  a r e  d e f i n e d  i n  t h e  f o r m  o f  n o n - l i n e a r  a l g e b r a i c  
e q u a t i o n s .  W h e r e a s  t h e  b a s i s  o f  t h e  R i t z - G a l e r k i n  
a p p r o x i m a t i o n  i s  t h e  l e a s t  e r r o r  o f  a v e r a g e  e n e r g y  p e r  c y c l e ,  
i n  t h e  c a s e  o f  t h e  s u b s t i t u t i o n  m e t h o d  e q u i l i b r i u m  o f  f o r c e s  
i s  s a t i s f i e d  a t  t h e  p o i n t s  o f  a m p l i t u d e  d e f l e c t i o n .
A h i g h e r  a p p r o x i m a t i o n  c a n  b e  a c h i e v e d  b y  t w o  m e t h o d s .
I n  t h e  f i r s t ,  d e s c r i b e d  b y  P i p e s ^ Z y j ,  t h e  a m p l i t u d e  o f  t h e  
f u n d a m e n t a l  c o m p o n e n t  f r o m  t h e  f i r s t  a p p r o x i m a t i o n  i s  u s e d  
t h r o u g h o u t .  B y  s u c c e s s i v e  i n t e r g r a t i o n  a n d  r e s u b s t i t u t i o n  
i n t o  t h e  o r i g i n a l  e q u a t i o n  a  b e t t e r  a p p r o x i m a t i o n  i s  r e a c h e d  
i n  t h e  f o r m  o f  a  s e r i e s  s o l u t i o n  c o n t a i n i n g  h i g h e r  h a r m o n i c s .  
T h e  p r o c e d u r e  i s  s i m i l a r  t o  t h e  p e r t u r b a t i o n  m e t h o d ,  i t  i s  
r a t h e r  c u m b e r s o m e  a n d  r e q u i r e s  a  s m a l l  m a g n i t u d e  o f  t h e  
c o e f f i c i e n t  o f  n o n - l i n e a r i t y  f o r  c o n v e r g e n c e .  A b e t t e r  
m e t h o d  i s  t o  a s s u m e  i n  t h e  i n i t i a l  s o l u t i o n  t h e  r e q u i r e d  
n u m b e r  o f  t e r m s ,  s u b s t i t u t e  i n t o  t h e  e q u a t i o n  o f  m o t i o n ,  
a n d  c o m p a r e  t h e  c o e f f i c i e n t s  f o r  e a c h  t e r r a .  T h e  s a m e  n u m b e r  
o f  n o n - l i n e a r  s i m u l t a n e o u s  a l g e b r a i c  e q u a t i o n s  w i l l  t h e n  
r e s u l t .  A l t h o u g h  t h i s  p r o c e d u r e  i s  o n l y  s l i g h t l y  l e s s  
l a b o r i o u s ,  i t  i s  l e s s  s e n s i t i v e  t o  t h e  m a g n i t u d e  o f  n o n -  
l i n e a r i t y  a n d  t h e  r e s u l t s  a r e  i n  a  m o r e  t r a c t a b l e  f o r m .
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W i t h  e a c h  o f  t h e  t w o  m e t h o d s  o f  h i g h e r  a p p r o x i m a t i o n  t h e  
a m o u n t  o f  w o r k  i n v o l v e d  i s  n o t  l e s s  t h a n  w i t h  t h e  R i t z -  
G a l e r k i n  m e t h o d .  T h e  l a t t e r  m u s t  b e  m o r e  a c c u r a t e  w h e n  
h i g h e r  a p p r o x i m a t i o n s  a r c  w o r k e d  o u t ,  c o n s e q u e n t l y  t h e  a n a l y s i s  
b y  t h e  d i r e c t  s u b s t i t u t i o n  m e t h o d  w a s  r e s t r i c t e d  t o  t h e  f i r s t  
a p p r o x i m a t i o n  o n l y .
For the  f i r s t  a p p ro x im a t io n  the  s o l u t i o n  o f  e q u a t io n  
(3«9) i s  assumed a s
X = M + Q c o s  w t  ( 3 . 2 1 )
S u b s t i t u t i n g  i n t o  e q u a t i o n  (3*9)
2 pf r  2 P 1- w  ( q  + Z ) c o s  o ) t  + p ( 1  4- 3 h A  )Q  + h- 3 p M  Q j c o s  <*)t hIL   ^ , 3
+ 3 v Q,^ (A  + M ) c o s ^ w t  + p Q ^ c o s ^ w t  + p k P  h- M +
+ 3V-AM(A + M) |- = 0
2D i v i d i n g  t h r o u g h o u t  b y  p  a n d  u s i n g  t h e  e x p a n s i o n s
2  1 1  c o s  cot ^  + - ^ o s  2 c o t ,
3  1  3cos cot = çcos  3mt + ^cos  cot,
t h e  a b o v e  e q u a t i o n  b e c o m e s
2  r* P ^  "y I( Q  + Z)cos (Ot + jQ + 3") jq(A + R )  + ^pQ -jcos  cot +
+ | - H Q ^ ( A  + M ) c o s £ ü ) t  + ç p Q ^ c o s  3 m t  + |* h Q ^Ç A  + M) +
+ 3V-AM(A + M) A + M =  0
(3 .2 2 )
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The param eterî^ is  a s  p r e v i o u s l y  the  non -d im ens iona l  f re q u en cy  ^  
M u l t ip ly in g  by 'j^ . and comparing c o e f f i c i e n t s  
I  + 3ÂMR + + M = 0
or
« -  3Aëf
2 ( 1  + + 3ÂE) + ...................... ( 3 . 2 3 )
where B = (A + M).
Also
Q + 3QR^ + ^  = ^ ^ ( q  + z )  . ( 3 . 2 4 )
By comparison w i th  e q u a t io n s  (3 .17 )  and (3 .1 8 )  when
= 0 and = Q , i , e ,  w ith  the two-term  s o l u t i o n  o f  the  
R i t z - 6 a l e r k i n  method, i t  can be seen t h a t  th e  two r e s u l t s  a r e  
i d e n t i c a l .  Thus w i th  th e  f i r s t  app rox im a t ion  the  two methods 
a r e  e q u i v a l e n t .
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Analogue Computation
A System Computers S . 0 ,30  e l e c t r o n i c  ana logue computer ,  a s  
shown in  F i g , 4 .1  i tem  A, was used f o r  the  e x p e r im en ta l  work. The 
machine i s  equipped w i th  a m o n i to r in g  and a d d r e s s in g  system. A l l  
computing e lem en ts  a r e  housed i n  a tem p era tu re  c o n t r o l l e d  oven, 
and mark/space e l e c t r o n i c  m u l t i p l i e r s  a r e  used f o r  the  g e n e ra t io n  
o f  n o n - l i n e a r  te rm s .  P o te n t io m e te r  s e t t i n g s ,  c a l i b r a t i o n  and 
v o l ta g e  measurements a r e  c a r r i e d  out by means o f  a d i g i t a l  
v o l tm e te r .  The o u tp u t  i s  m onitored  on a Airmec Type 279 d i s p l a y  
o s c i l lo s c o p e ^  F i g , 4 .1  i tem  B, and i t  i s  r e co rd e d  on a  Southern  
In s t ru m e n ts  type  MIZ^O u l t r a  v i o l e t  r e c o r d e r ,  i tem  G.
A c h a r t  r e a d e r  e q u i p p e d  w i t h  v e r n i e r  s c a l e s  w a s  u s e d  f o r  
a m p l i t u d e  a n d  f r e q u e n c y  m e a s u r e m e n t  f r o m  t h e  r e c o r d e r  t r a c e s .
For each cyc le  of  v i b r a t i o n  twelve e q u a l ly  spaced o r d i n a t e s  were 
s c a l e d  o f f ,  and a harmonic a n a l y s i s  was c a r r i e d  ou t  u s in g  a 
d i g i t a l  computer ; to  de te rm ine  the  mean dynamic d isp lacem en t  and
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t h e  a m p l i tu d e s  of  th e  harmonics  in  the  motion*
The c i r c u i t s  used to  o b t a i n  the  p a r t i c u l a r  s o l u t i o n s  of 
e q u a t io n  (3«9) a r e  shown i n  F i g . 4*2. In, most c a se s  p. = 1 was 
assumed so t h a t  n o n -d im en s io n a l  v a lu e s  o f  th e  am p l i tu d e s  were 
o b ta in e d  d i r e c t l y .  The e f f e c t  o f  the  magnitude o f  n o n - l i n e a r i t y  
i s  shown by th e  v a r i a t i o n  o f  the  non-d im ens iona l  am pli tude* For 
e f f i c i e n t  m o n i to r in g  of  the  o u tp u t  on th e  o s c i l l o s c o p e  and because  
o f  s c a l i n g  re q u i r e m e n ts  p = 1 was p redom inan t ly  used fo r  the  
n a t u r a l  f req u en cy .  In  some s o l u t i o n s  of  subharmonic and su p e r -  
harmonic r e so n a n ce s  v a lu e s  o f  0 .3  and 2 were a l s o  used .  In  o rd e r  
to  ensure  a c cu ra c y  the  s c a l i n g  was a r r an g ed  to  m a in ta in  h igh  
lo a d in g  of  a m p l i f i e r s  and m u l t i p l i e r s .  This g e n e r a l l y  in vo lved  
s e v e r a l  s c a l i n g  sequences f o r  each c h a r a c t e r i s t i c . .
Free v i b r a t i o n  s o l u t i o n s  d id  no t  p r e s e n t  any d i f f i c u l t i e s .
I n  the  case of  fo rc e d  v i b r a t i o n  re so n an ces  the  problem o f  t r a n s i e n t  
f r e e  v i b r a t i o n ,  which was e x c i t e d  by th e  s t a r t  o f  com puta t ion ,  had 
to  be overcome*
With modern computers  ru n s  of  s e v e r a l  minutes  d u r a t i o n  can be 
c a r r i e d  ou t  w i th  very  l i t t l e  l o s s  of  accuracy* However, to  o b t a in  
a c h a r a c t e r i s t i c  by c o n t i n u a l l y  changing the  f requency  and p e r i o d i ­
c a l l y  r e c o r d in g  the  o u tp u t  t a k e s  too lo n g ,  Borne e r r o r  due to  
t r a n s i e n t  motion i s  in t r o d u c e d  and ,  because of the  need f o r  h u r r i e d  
a c t i o n ,  the  c o n t r o l  over th e  p ro c e s s  i s  l e s s  s a t i s f a c t o r y .  S ep a ra te
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c o m p u t i n g  r u n s  w e r e  t h e r e f o r e  c a r r i e d  o u t  f o r  e a c h  s e l e c t e d  
a m p l i t u d e ,  a n d  t h e  p r o b l e m  o f  t r a n s i e n t s  w a s  o v e r c o m e  b y  t h e  
i n i t i a l  i n t r o d u c t i o n  o f  d a m p i n g .  L o n g  d u r a t i o n  t e s t  w i t h  
d a m p i n g  i n d i c a t e d  t h a t  h i g h e r  h a r m o n i c s  i n  t h e  m o t i o n  o f  t h e  
n o n - l i n e a r  s y s t e m  w e r e  m a i n t a i n e d  a t  a  s t e a d y  a m p l i t u d e ^ i n  t h e  
p r e s e n c e  o f  d a m p i n g ^ b y  a  p e r i o d i c  f o r c e  o f  a  d i f f e r e n t  f r e q u e n c y .  
T h e o r e t i c a l l y  a  p e r i o d i c  f o r c e  c a n  o n l y  d o  w o r k  o n  a  m o t i o n  o f  
t h e  s a m e  f r e q u e n c y .  W i t h  a  n o n - l i n e a r  r e s t o r i n g  f o r c e  a  v i b r a t i o n  
c o m p o n e n t  o f  t h e  s a m e  f r e q u e n c y  c a n n o t  e x i s t  a l o n e  s i n c e  l o w e r  
o r  h i g h e r  h q r m o n i c s  o f  t h e  m o t i o n  a r e  " f o r c e d / *  w i t h  i t .  I n  f a c t , ; n  
i h e  c a s e  o f  s u b h a r m o n i c  o r  s u p e r h a r m o n i c  r e s o n a n c e s  t h e  p r e d o m i n a n t  
c o m p o n e n t  o f  m o t i o n  h a s  a  f r e q u e n c y  d i f f e r e n t  f r o m  t h a t  o f  t h e  
d i s t u r b i n g  f o r c e .  On t h e  b a s i s  o f  t h e s e  c o n s i d e r a t i o n s  a n d  t h e  
p r e v i o u s l y  m e n t i o n e d  e x p e r i m e n t a l  r e s u l t s ,  i t  m u s t  b e  c o n c l u d e d  
t h a t  a l t h o u g h  t h e  d i s t u r b i n g  f o r c e  s u p p l i e s  e n e r g y  t o  t h e  v i b r a t i n g  
s y s t e m  o n l y  v i a  t h e  c o m p o n e n t  o f  m o t i o n  o f  t h e  s a m e  f r e q u e n c y ,  t h i s  
e n e r g y  m u s t  b e  s h a r e d  t h e n  b y  a l l  t h e  o t h e r  c o m p o n e n t s .
C o n s e q u e n t l y  t h e  i n i t i a l  i n t r o d u c t i o n  o f  d a m p i n g  i n t o  t h e  c o m ­
p u t i n g  s e q u e n c e  w o u l d  n o t  r e m o v e ,  o r  c h a n g e  o u t  o f  p r o p o r t i o n ,  t h e  
e q u i l i b r i u m  c o n d i t i o n s  o f  t h e  h a r m o n i c s  i n  t h e  m o t i o n .
I n  e a c h  c a s e  a  t r i a l  r u n  o f  t h r e e  m i n u t e s  d u r a t i o n  w a s  
c a r r i e d  o u t  w i t h  a  m a g n i t u d e  o f  d a m p i n g  s u f f i c i e n t  t o  p r o d u c e  
s t e a d y  c o n d i t i o n s  h a l f  w a y  t h r o u g h  t h e  p e r i o d .  I n i t i a l  a m p l i t u d e  
a n d  p h a s e  a n g l e  ( -  Z )  w e r e  s e t  a c c o r d i n g  t o  t h e  t h e o r e t i c a l  r e s u l t s .
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W i t h  t h i s  p r o c e d u r e  t h e  i n i t i a l  t r a n s i e n t  e f f e c t  w a s  s m a l l  a n d  
d a m p i n g  b e l o w  0 . 1  c r i t i c a l  w a s  o k a y s  s u f f i c i e n t  t o  p r o d u c e  t h e  
d e s i r e d  r e s u l t .  A t  t h e  e n d  o f  t h e  t r i a l  r u n  t h e  s l i g h t  d e c r e a s e  
i n  Z ,  d u o  t o  t h e  i n h e r e n t  d a m p i n g  i n  t h e  f o r c i n g  f u n c t i o n  c i r c u i t ,  
a n d  t h e  a m p l i t u d e  o f  v i b r a t i o n  w e r e  n o t e d .  T h e s e  w e r e  u s e d  a s  
i n i t i a l  c o n d i t i o n s  f o r  t h e  a c t u a l  c o m p u t i n g  r u n ,  w h i c h  w a s  c a r r i e d  
o u t  f o r  t h e  s a m e  p e r i o d  o f  t i m e  s t a r t i n g  w i t h  t h e  s a m e  m a g n i t u d e  
o f  d a m p i n g .  T h e  l a t t e r  w a s  t h e n  r e d u c e d  v e r y  s l o w l y  t o  z e r o ,  
a l l o w i n g  a p p r o x i m a t e l y  o n e  h a l f  o f  t h e  p e r i o d  f o r  v i b r a t i o n  w i t h  
n e g l i g i b l e  d a m p i n g .
T h i s  p r o c e d u r e  w a s  v e r y  s a t i s f a c t o r y .  O n l y  i n  c e r t a i n  
r e g i o n s  o f  t h e  s u p e r h a r m o n i c  r e s o n a n c e ,  w h e r e  e v e n  s m a l l  v a l u e s  
o f  d a m p i n g  a f f e c t e d  t h e  r e s p o n s e  c r i t i c a l l y ,  w a s  s o m e  d i f f i c u l t y  
e x p e r i e n c e d .
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Chapter  3  
Free  V ib ra t io n
3»!  Two~term s o l u t i o n  by th e  Ï î i t z - G a l e r k in  method,
The g e n e ra l  four«*term s o l u t i o n  by the  B i tg - G a l e r k i n ,  metjaod, 
which was d e r iv e d  i n  Chapter  3? i s  used i n  t h i s  case  w i th  the  
n e c e s s a ry  m o d i f i c a t i o n s .  For f r e e  v i b r a t i o n s  2 = 0 ,  and w ith  
the  two-term s o l u t i o n  ^ Denoting  by Q and
u s in g  e q u a t io n s  (3-17)  and ( 3 , 18 ) two s im u l taneous  e q u a t io n s  
a r e  o b ta in ed
fl =   (5
2 (1  + Mr + 3ÂH) + 3Q^
= 1 + 3R^ + ^  ■....................... ( 5 .2 )
Equat ion  (3*2) a l s o  has  a t r i v i a l  s o l u t i o n  Q = 0
These two e q u a t io n s  c o n t a in  th r e e  unknowns Q and M,
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co n seq u en t ly  one o f  th e s e  must be p r e s c r i b e d  and then  th e  
c o r re sp o n d in g  v a lu e s  of  th e  rem a in ing  two can be ca lcu la ted®
Due to  the  shape of  the  r e sp o n se  c u rv e s ,  i f  f requency  i s  
p r e s c r i b e d  two r o o t s  f o r  Q, and M w i l l  r e s u l t  i n  c e r t a i n  r e g io n s  
I t  i s  t h e r e f o r e  more co n v e n ien t  to  s e t  Q, i n  which case  always 
on ly  one s e t  o f  r o o t s  e x i s t s .
Because o f  th e  r e p e t i t i v e  n a tu r e  o f  c a l c u l a t i o n s  e q u a t io n s  
(3 -1 )  and (3*2) a r e  so lv ed  on a d i g i t a l  computer. For the  
i n i t i a l  s t e p  o f  c a l c u l a t i o n s  when Q has a sm a l l  v a lu e ,  the  
magnitude o f  M i s  e s t im a te d  on th e  b a s i s  o f  ( 5 .1 ) •  With 
Q s e t  and Fl e s t i m a t e d ,  e q u a t io n  ( 3 , 1 ) ,  which i s  independen t  
o f l j ,  i s  so lved  by means o f  an i t e r a t i o n  p rocedure  d e s c r ib e d  
i n  I15J , i s  then  c a l c u l a t e d  d i r e c t l y  from ( 3 * 2 ) , , and
th e  whole p ro ced u re  i s  r e p e a t e d  u n t i l  a s a t i s f a c t o r y  degree  
o f  convergence i s  o b ta in e d .  For the  n ex t  s t e p ,  w i th  a new 
magnitude o f  Q, and M from the  p re c e d in g  s t e p  a r e  tak en  
a s  i n i t i a l  v a lu e s .
3 ,2  F our- te rm  s o l u t i o n  by th e  K i t z - G a l e r k in  Method
In  t h i s  case  e q u a t io n s  (3 .17 )  to  ( 3 , 2 0 ) ,  w i th  2 = 0 ,  a r e  
used f o r  the  computer c a l c u l a t i o n s .  The method i s  s i m i l a r  
to  t h a t  d e s c r ib e d  p r e v i o u s l y ,  i s  p r e s c r i b e d  and s t a r t i n g
v a lu e s  o f  M, a r e  e s t im a te d .  For each s t e p  R i s
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c a l c u l a t e d  f i r s t  from (3 ,1 7 )  u s in g  the  i t e r a t i o n  p ro c e d u re ,  
i s  then  o b ta in e d  d i r e c t l y  from ( 3 . 1 8 ) ,  fo l low ed by the  
c a l c u l a t i o n  o f  and from ( 3 *1 9 ) and ( 3 . 20) r e s p e c t i v e l y  
u s in g  a g a in  th e  i t e r a t i o n  p ro c ed u re .
In  bo th  th e  t h e o r e t i c a l  and ex p e r im e n ta l  r e s u l t s  a l l  t h r e e  
harmonics a r e  i n  phase w i th  each o th e r  a t  the  beg in n in g  o f  th e  
c y c l e .  Hence the  maximum p o s i t i v e  am p li tude  Q = 
i s  used fo r  comparison w i th  r e s u l t s  o b ta in e d  w ith  the  two-term 
s o l u t i o n  and w ith  th e  o th e r  approximate  methods.
5 . 3 F i r s t  app ro x im a t io n  f o r  a sym m etr ica l  system by the  
K ry lo f f - B o g o l iu b o f f  Method
This method i s  s u i t a b l e  on ly  fo r  q u a s i - l i n e a r  systems 
a s  i t s  convergence i s  l i m i t e d  by the  magnitude of th e  
c o e f f i c i e n t  o f  n o n - l i n e a r i t y  p.  However, i t  i s  one o f  the  
c l a s s i c a l  methods i n  t h i s  f i e l d ,  and t o g e th e r  w i th  the  
p e r t u r b a t i o n  method i t  i s  used fo r  comparison w ith  the  K i t z -  
Galerlcin method. The K ry lo f f -B o g o l iu b o f f  p rocedure  has one 
d i s t i n c t  ad v a n tag e ,  i t  can be j u s t  a s  e a s i l y  a p p l i e d  to  
t r a n s i e n t  p rob lem s,  and i t  i s  very  u s e f u l  i n  the  f i e l d  o f  non­
l i n e a r  s e l f - e x c i t e d  v i b r a t i o n .  A ttem pts  to  ad ap t  i t  f o r  use 
with  unsymm etr ical  systems a r e  no t  s a t i s f a c t o r y .  Although 
th e  method i t s e l f  can be m odif ied  to  a l lo w  f o r  the  s h i f t  of
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th e  mean dynamic d isp lacem en t  M, the  a d d i t i o n a l  e q u a t io n  
to  d e f in e  th e  l a t t e r  cannot be o b ta in ed  d i r e c t l y ,  bu t  r e q u i r e s  
th e  use of  a n o th e r  method, such a s  the  energy b a lan ce  p rocedure  
S im i l a r  l im i ta t io n s  e x i s t  w i th  th e  p e r t u r b a t i o n  method. Within 
the  scope o f  t h i s  i n v e s t i g a t i o n  i t  i s  p o s s i b l e  to  compare th e se  
two methods w i th  the  R i t z - G a l e r k i n  approx im at ion  on ly  f o r  the  
case  of  f r e e  v i b r a t i o n  w ith  a  sym m etr ica l  r e s t o r i n g  f o r c e .
To app ly  the  K ry lo f f -B o g o l iu b o f f  method, a s  deve loped  in  
Appendix I I I ,  w i th  2 = A = 0 ,  eq u a t io n  (3»9) i s  r e w r i t t e n  a s
 ^ 2 2 3X + p X + p px = 0  * . * . 4 . . , . ,  ( 5 . 3 )
The approximate  s o l u t i o n  i s  assumed a s
X = Q s i n  ( p t  + 0 ) ..................... (3 . 4 )
S u b s t i t u t i n g  (5*4) i n t o  ( I I I . 11)
P  ^2kdA p p .  I .3  . 5 j_  ~ I Q s i n  ^ecos  e de ,d t  2 :n:P j g
where © = ( p t  + 0 ) .
Hence
dA
d t  = °
This  r e s u l t  i s  n o t  unexpected  s in c e  the  system i s  c o n s e r v a t iv e
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S u b s t i t u t i n g  (3*4) i n t o  (111*12)
J o
= f i^Q ^  = §  Q%    ( 5 . 5 )
I n t e g r a t i n g  ( 5 . 5 ) fo r  an  i n i t i a l  phase ang le  0
3 -2 0 = ^  Q p t  + 0^
The approximate  s o l u t i o n  (5*4) i n  the  non -d im ens iona l  form 
th en  becomes
X = Q s i n  | p ( l  + i  Q^)| t  + 0    (5 . 6 )
I f  Ü) i s  the  n a t u r a l  n o n - l i n e a r  f requency  then  from (5*6) i t  
fo l lo w s  t h a t
0) = p ( l  + ^  Q^) ,
or
= 1 + I    ( 5 .7 )
Squar ing  b o th  s i d e s  of  (5 .7 )
= 1 + ^    (5 . 8 )
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The above e q u a t io n  i s  the  f i n a l  r e s u l t  i n  a form which 
i s  s u i t a b l e  f o r  comparison w ith  the  o th e r  methods.
5*4 The P e r t u r b a t i o n  ..'Method
The p e r t u r b a t i o n  method was o r i g i n a l l y  developed to  d e a l  
w i th  n o n - l i n e a r  problems i n  as tronomy. I t s  a p p l i c a t i o n  to  
v i b r a t i o n  problems r e q u i r e s  m o d i f i c a t i o n s  to  overcome the  
e f f e c t  of  s e c u l a r  terms in  the  s o l u t i o n .  The b a s ic  
p rocedure  of  the  method i s  g iven  fo r  r e f e r e n c e  i n  Appendix I I ,
- Applying t h i s  method to  the  sym m etr ica l  ca se ,  eq u a t io n  
(3*9) w ith  2 = A = 0 becomes
ÊT + p^Cx + px^) = 0 ( 5 .9 )
I t  i s  conven ien t  to  use X = (^t a s  the  independen t  v a r i a b l e  
where m i s  the  f requency  of  the  n o n - l i n e a r  v i b r a t i o n .  Using 
t h i s  s u b s t i t u t i o n  ( 5 *9 ) may be exp ressed  i n  the  form
(5 .10 )
where Ï)2 = and pr im es denote  d i f f e r e n t i a t i o n  w i th  r e s p e c t  to  gf
2 .Expanding x and ij” i n  power s e r i e s  i n  terms o f  p ,  which
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fo r  t h i s  purpose must be s m a l l ,
X = %0 + + % %2 + + . . .    (5 .11 )
= '^ \o + l^Vi^ + + '^ ‘*1-^  + . . .    (5 .1 2 )
S u b s t i t u t i n g  (5 .11 )  and (5 .12 )  i n t o  e q u a t io n  (5 .1 0 )  and 
comparing c o e f f i c i e n t s  o f  l i k e  powers o f  n, a  s e t  o f  l i n e a r  
d i f f e r e n t i a l  e q u a t io n s  i s  o b ta in e d .
\ l  \  + %o = 0
. 2 n%  Xi + >
_ 2  ^ . 2  f *  2  // P * »  ^ ( 5 . 1 3 )
2 //
= “ ’/l
U
^o
= - f z
//
- v l
u
^ 1  - 3 x^ x 1
= - ^ 3
if
~ f z
»Xi - t x \X-, -  3x^X2 -  3x^x2
Equat ions  (5 .1 3 )  have to  be so lved  s u c c e s s iv e l y  s u b j e c t  
t o  the  i n i t i a l  c o n d i t i o n s
X (0) =
• ( 5 *l 4 )
X (0 ) s 0
Since th e  n a t u r a l  f requency  o f  a system i s  independen t  
o f  the  i n i t i a l  c o n d i t i o n s ,  (5 .14 )  i s  tak en  i n  the  form most
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conven ien t  f o r  th e  s o l u t i o n  of  ( 5 .1 3 ) •  On s u b s t i t u t i o n  of  
(5*14) i n t o  (5* 11) and (5*12 ) ,  a s  th e se  e q u a t io n s  ho.ve to  
ho ld  fo r  a l l  v a lu e s  of  p i n c lu d in g  o, the  c o n d i t i o n s  on the  
and Xj^  a r e
X. (0) ={ i = 00 , 1 3: (5* 15 )
X (0) = 0 ,  i  = 0 , 1 , 2 , 3 ,
Here i s  no t  the  am pli tude  of  the  fundamental  te rm ,  
b u t  the  maximum am pli tude  a t  t  = 0 ,  which i s  the  sum of  the  
component a m p l i tu d e s  a t  t h i s  i n s t a n t .
The g e n e ra l  s o l u t i o n  r e p r e s e n t s  a development i n  the
neighbourhood of  the  l i n e a r  n a t u r a l  f requency  which e x i s t s
when p = 0.  For t h i s  c o n d i t i o n  the  f i r s t  e q u a t io n  of  (5 .15 )
a p p l i e s  and from i t  and (5 -12)  i t  fo l lo w s  t h a t  V = 1 .*■ o
S o lv ing  e q u a t io n s  (5*13) i n  s u c c e s s io n ,  w ith  = 1,
the  fo l lo w in g  e x p re s s io n  i s  o b ta in ed  to  th e  o rd e r  of
•5approx im at ion  11 :
i f  = l  + îl^ + 5Y2 ^  •••*• (5 .1 6 )
Convert ing  i n t o  th e  non -d im ens iona l  form co r re sp o n d in g  
to  p rev io u s  r e s u l t s
-  6o -
= 1 + Ç   (5 -17)
The n o n -d im ens iona l  d isp lace m en t  f o r  th e  app rox im a t ion  
to  the  f i r s t  o rd e r  i n  v i s  g iven  by
X = ~ ^  ) cos o)t + cos 3mt   ( 5 . 18 )
5»3 D isc u ss io n  o f  K e s u l t s
In the  t h e o r e t i c a l  a n a l y s i s  f r e q u e n c ie s  c o r re sp o n d in g  to  
s e l e c t e d  am p l i tu d e s  a r e  c a l c u l a t e d .  I t  i s  t h e r e f o r e  more 
app rop r i i te  to  d e f in e  from th e  r e s u l t s  the  f requency  e r r o r  
r a t h e r  th an  to  coBipare a m p l i tu d e s .
In  F i g . 5 .1  the  am p l i tu d e  f requency  cu rves  o b ta in e d  by the  
approxim ate  methods c o n s id e re d  i n  t h i s  i n v e s t i g a t i o n  a r e  
compared fo r  th e  case of  a sym m etr ica l  r e s t o r i n g  fo rc e  
c h a r a c t e r i s t i c ,  f o r  which 5 = 0 .  Only odd harmonics e x i s t  i n  
th e  motion and th e  mean dynamic d e f l e c t i o n  M = 0 .  Hence th e  
two-term s o l u t i o n  by the  R i t z - G a l e r k in  method i s  i n  t h i s  case 
th e  f i r s t  a p p ro x im a t io n ,  and the  fo u r - t e r m  s o l u t i o n  becomes th e  
second S i t z - G a l e r k i n  ap p ro x im a t io n .
The e x a c t  s o l u t i o n  i s  known fo r  the  f r e e  v i b r a t i o n  w ith
>6l
a sym m etr ica l  r e s t o r i n g  force* Burgess f^}» u s in g  the
method of  Weigand, compares ex a c t  s o l u t i o n s  w i th  s o l u t i o n s
o b ta in e d  by the  H i t z - G a l e r k in  and the  p e r t u r b a t i o n  methods.
On the  b a s i s  o f  the  e x a c t  s o l u t i o n  the  a p p a re n t  l i m i t  o f
convergence of  th e  p e r t u r b a t i o n  method f o r  t h i s  case  i s  
“2Q y  0 . 75 . Again by comparison w ith  th e  ex ac t  s o l u t i o n  i t  
i s  e s t a b l i s h e d  t h a t  th e  f i r s t  app rox im at ion  by the  R i t z - G a l e r k i n  
method p roduces  s l i g h t l y  h ig h e r  f requency  v a lu e s  w i th  the  
e r r o r  i n c r e a s i n g  w ith  am p l i tu d e  ( 3% f req u en cy  e r r o r  a t
Q = 2 . 5 ) .  The second app ro x im a t io n  by R i t z - G a l e r k i n  r e s u l t s  
i n  a n e g l i g i b l e  e r r o r  ( + 0 ,3%  f requency  e r r o r  a t  Q = 2 . 5 ) .  
Consequent ly  the  ex a c t  s o l u t i o n  curve can be r e g a rd e d  to  be 
c o i n c id e n t  w i th  curve 1 fo r  the  second R i t z - G a l e r k i n  a p p r o x i ­
mation  i n  F ig .  5 . 1 . E xper im en ta l  p o i n t s  o b ta in e d  by means o f  
th e  analogue computer ag re e  c l o s e l y  w ith  curve 1 « The mean 
e r r o r  i s  l e s s  th a n  1%, However, i n  th e  fo l lo w in g  a p p l i c a t i o n s ,  
which a r e  o f  a more complex n a tu r e  and which r e q u i r e  ana logue 
com puta t ion  t e c h n iq u e s  no t  q u i t e  a s  a c c u r a t e  as  i n  the  p r e s e n t  
c a s e ,  the  e r r o r  w i l l  be g r e a t e r ,  but  i t  i s  not expec ted  to  
exceed
R e f e r r in g  a g a in  to  F i g . 5*1, i t  i s  obvious t h a t  the
s im p le s t  approach  to  th e  o rd e r  w ith  the  p e r t u r b a t i o n  method
produces  the  b e s t  o v e r a l l  r e s u l t s .  Undoubtedly the  much more
2 3l a b o r i o u s  s o l u t i o n  to  the  o rd e r  p or p w i l l  produce more
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a c c u r a t e  r e s u l t s  fo r  v a lu e s  of  Q up to  0 . 8 ,  bu t  th e  improve­
ment i s  n e g l i g i b l y  sm al l  f o r  most p u rp o se s .  At v a lu e s  of  
Q g r e a t e r  th a n  0 .8  the  second and t h i r d  o rd e r  s o l u t i o n s  
become very  i n a c c u r a t e .  I t  i s  no t  p o s s i b l e  to  e s t a b l i s h  th e  
l i m i t  of  convergence fo r  a p a r t i c u l a r  a p p l i c a t i o n  from the  
p e r t u r b a t i o n  method i t s e l f *  Thus on ly  the  r a t h e r  vague guide 
o f  a ^ s u f f i c i e n t l y  sm a l l ' '  pa ram ete r  of  expansion  i s  a v a i l a b l e  
f o r  problems which do no t  have an . ex ac t  s o l u t i o n .  The 
e x t e n s io n  of  th e  method to  a h ig h e r  o rd e r  o f  app rox im a t ion  
can i n  some c a se s  unknowingly r e s u l t  i n  a g r e a t e r  e r r o r .
The f i r s t  app ro x im a t io n  by the  K ry l o f f -B o g o l iu b o f f  method, 
r e p r e s e n t e d  by curve 3 » i s  the  l e a s t  s a t i s f a c t o r y  of  th e  
p ro ced u res  c o n s id e re d  h e r e .  The use of  a h ig h e r  degree  o f  
ap p rox im a t ion  shou ld  r e s u l t  i n  an improvement of  a c c u ra c y ,  
s in c e  the  p rocedu re  i s  s i m i l a r  to  t h a t  used w ith  the  R i t z -  
G a le rk in  method.
A d d i t i o n a l l y  b o th  the  p e r t u r b a t i o n  and the  K r y l o f f -  
B ogo l iu b o ff  methods cannot be a p p l i e d  d i r e c t l y  to  unsym m etr ica l  
sy s tem s ,  and s in c e  the  s o l u t i o n s  a r e  g e n e ra te d  i n  th e  
neighbourhood o f  the  e q u i v a l e n t  l i n e a r  f requency  th e s e  methods 
cannot bo a p p l i e d  to  problems which do no t  have th e  3J,near term 
i n  the  r e s t o r i n g  f o r c e .
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In  the  f i r s t  app ro x im a t io n  the  d i r e c t  s u b s t i t u t i o n  method 
i s  a s  good a s  the  H i t z - G a l e r k i n  and p e r t u r b a t i o n  methods. I t  
i s  a t t r a c t i v e  because  of i t s  s i m p l i c i t y ,  b u t  w i th  more 
com plica ted  a p i ) l i c a t i o n s  and h ig h e r  ap p ro x im a t io n s  i t  l o s e s  
some of  i t s  e f f e c t i v e n e s s *
The R i t z - G a l e r k i n  method does no t  appear  to  be r e s t r i c t e d  
to  sm all  magnitudes  of  n o n - l i n e a r i t y .  I t  can bo a p p l i e d  
e a s i l y  to  unsym m etr ica l  and o th e r  types  o f  r e s t o r i n g  fo rc e  
c h a r a c t e r i s t i c s ,  and i t  i s  g e n e r a l l y  l e s s  l a b o r i o u s .  On the  
b a s i s  o f  t h i s  comparison th e  R i t z - G a le r k in  method was s e l e c t e d  
fo r  the  t h e o r e t i c a l  a n a l y s i s  i n  t h i s  i n v e s t i g a t i o n  s in c e  i t  
o f f e r e d  b e s t  p r o s p e c t s  f o r  s a t i s f a c t o r y  r e s u l t s  w i th  th e  more 
se v e re  e f f e c t s  of  n o n - l i n e a r i t y , due to  the  unsym m etr ica l  
r e s t o r i n g  fo rc e  and the  fo rc e d  v i b r a t i o n  r e so n a n c e s .
F i g . 5"2 i l l u s t r a t e s  the  e f f e c t  o f  th e  s t a t i c  d e f l e c t i o n ,  
or the  degree  of unsymmetry, on the  n a t u r a l  f re q u en cy .  The 
q u a n t i t a t i v e  and q u a l i t a t i v e  change of the  f requency  c h a r a c t e r ­
i s t i c s  i s  c o n s id e r a b l e .  The f requency  i n c r e a s e s  w i th  A, and 
hence w ith  b o th  th e  a c t u a l  s t a t i c  d e f l e c t i o n  and the  magnitude 
o f  the  n o n - l i n e a r  c o e f f i c i e n t  p. At h igh  v a lu e s  of  am pli tude  
however, a l l  cu rv es  v i r t u a l l y  c o a le s c e ,  making the  f requency  
in  t h a t  r e g io n  independen t  o f  the  s t a t i c  d e f l e c t i o n .  Thus 
s t a t i c  d e f l e c t i o n ,  or the  e f f e c t  of  g r a v i t y ,  cannot be n e g le c t e d
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i n  the  t h e o r e t i c a l  a n a l y s i s  u n le s s  the  n o n - l i n e a r i t y  i s  very  
sm a l l  or  th e  am pli tude  of  v i b r a t i o n  i s  very  g r e a t .
In  the  e q u a t io n  of  motion (3*9) the  l i n e a r  term
2 2 P Pp (1 + 3 M  )x ,  and the  q u a d r a t i c  term 3p PAx , r e s u l t  from
th e  e f f e c t  o f  g r a v i t y .  For a g iven  value  of  A th e  l i n e a r
term i s  the  co r re sp o n d in g  e q u i v a l e n t  l i n e a r  f requency  
2 2p (1 + 3P'A ) and de te rm in es  th e  s t a r t i n g  p o in t  of  th e  backbone 
cu rv es .  The i n i t i a l  n e g a t iv e  g r a d i e n t  of  th e  c h a r a c t e r i s t i c  
i s  due to  the  q u a d r a t i c  te rm .  I t s  e f f e c t ,h o w e v e r ,  i s  
overcome a t  h igh  a m p l i tu d e s  by th e  cubic  term, which i s  
independen t  o f  A, and which i n  a symm etr ica l  system c l e a r l y  
p roduces  the  p o s i t i v e  c u r v a t u r e  of  the  f requency  c h a r a c t e r i s t i c .
For sm all  am p l i tu d e s  o f  v i b r a t i o n  o f  say  0 .4  th e  non­
l i n e a r  f requency  can be very  e a s i l y  c a l c u l a t e d  u s in g  the  
2 2e x p re s s io n  p (1 + 3vA ) .  For 5 ^ 1  the  r e s u l t i n g  e r r o r  i s  l e s s  
than
The e x i s t e n c e ,  i n  measureab le  m agnitudes ,  o f  th e  f i r s t  
t h r e e  harmonics i n  the  ana logue  computer s o l u t i o n s  fo r  
d isp lacem en t  s u g g e s t s  t h a t  a fo u r - te rm  app rox im a t ion  would 
p ro v id e  a more co n c lu s iv e  t e s t  o f  the  a ccu racy  of  th e  R i t z  
method. In  F i g . 3*3 and 3*4 the  r e s u l t s  from the  two types  
o f  approx im at ion  a r e  compared. The f o u r - t e rm  s o l u t i o n
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produces  much more a c c u r a t e  r e s u l t s .  F u r the rm ore ,  whereas 
the  two-term ap p ro x im a t io n  assumes a harmonic motion ,  the  
f o u r - t e rm  s o l u t i o n  r e p ro d u c e s  very c l o s e l y  the  t r u e  wave form, 
which i s  d i s t o r t e d  by th e  p re se n ce  of  h ig h e r  harmonics in  the  
a c t u a l  motion.
As can be seen  i n  F i g . 3»2 tho e r r o r  of  app rox im a t ion  
i n c r e a s e s  w ith  the  magnitude of n o n - l i n e a r i t y .  However, even 
a t  A = 1,  w ith  the  two-term s o l u t i o n ,  the  maximum e r r o r  i s  l e s s  
th an  about For most a p p l i c a t i o n s  t h i s  should  be
s a t i s f a c t o r y .  For a c c e l e r a t i o n  c a l c u l a t i o n s ,  due to  the  
f requency  m u l t i p l i c a t i o n  e f f e c t  of  h ig h e r  harm onics ,  t h i s  e r r o r  
i s  g r e a t e r , hav ing  a maximum va lue  of about  kO% w i th in  the  
range  of t h i s  i n v e s t i g a t i o n .
Although the  accu racy  of th e  R i t z - G a l e r k in  method i s  
improved by u s in g  a d d i t i o n a l  terms in  the  s o l u t i o n ,  the  
p rocedure  becojiies very  l a b o r i o u s , and c a r e f u l  c o n s i d e r a t i o n  
must be g iven  to  the  r e q u i r e m e n ts  o f  a p a r t i c u l a r  problem i f  
a r e a l  advan tage  i s  to  be g a in ed .
In F i g , 5»5 and 3*6 the  v a r i a t i o n  o f  the  mean dynamic 
d e f l e c t i o n  M w ith  f requency  i s  p r e s e n te d .  As p r e v i o u s l y  
th e  fo u r - t e rm  s o l u t i o n  p roduces  much more a c c u r a t e  r e s u l t s .  In 
each case the  cu rves  approach  a s y m p to t i c a l l y  t h e i r  c o r re sp o n d in g
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v a lu e s  of  A* S ince  a l l  v a lu e s  o f  M a r e  n e g a t iv e  the  mean of  
the  v ib r a t o r y  motion moves upward towards the  p o in t  of  
symmetry o f  the  r e s t o r i n g  fo rc e  c h a r a c t e r i s t i c .  Hence a s  
the  am pli tude  i n c r e a s e s  the  p r o p o r t i o n  of  the  dead weight 
t r a n s m i t t e d  to  th e  su p p o r t  d im in i s h e s .
In F i g . 3 .7  am p l i tu d e s  o f  the  second and t h i r d  harmonics 
a r e  p l o t t e d  a g a i n s t  f req u en cy .  The more pronounced s c a t t e r  
of  ex p e r im en ta l  p o i n t s  i s  due to  the  p r o p o r t i o n a t e l y  g r e a t e r  
e f f e c t  o f  the  s c a l i n g  i n a c c u r a c i e s .  Exper im en ta l  p o i n t s  fo r  
the  t h i r d  harmonic a r e  no t  shown i n  o rd e r  to  avo id  c o n fu s io n .  
Approximate ly  the  same degree  o f  e x p e r im en ta l  v e r i f i c a t i o n  
e x i s t s  i n  t h i s  case  a s  f o r  the  second harmonic.  At lower 
am p l i tu d e s  of  v i b r a t i o n  the  second harmonic p redom ina tes  over 
th e  t h i r d ,  b u t  i t s  am p l i tude  q u ic k ly  r e a c h e s  a maximum. In 
the  r e g io n  whore the  Q -  graphs co a le s c e  the  t h i r d  harmonic 
becomes predominan t .
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Chapter  6
Harmonic Resonance
6 ,1  Two-.term S o l u t ion  by t h e R i t a - G a le r k in  Method
From e q u a t io n s  (3 .1 ? )  and ( 5 * l 8 ) ,  w ith  = q = 0 the  
fo l lo w in g  e q u a t io n s  a r e  o b ta in e d
^ =---------— p— .............— —        ( 6 ,1 )2(1 + + 3ÂR) +
Q(1 + 3E^ + I  t )
t  =----- --------------------------------------------------------------------------- (6 , 2 )  q + z
These e q u a t io n s  a r e  so lved  fo r  s e l e c t e d  v a lu es  of  A and 
Z on a d i g i t a l  computer,  p r e s c r i b i n g  Q and c a l c u l a t i n g  the  
co r respond ing  v a lu e s  ofVjand M. The p ro ced u re ,  d e s c r ib e d  in  
Chapter  5 fo r  f r e e  v i b r a t i o n ,  i s  used.  In the  absence  of 
damping the  phase ang le  between the  d i s t u r b i n g  fo rc e  and the  
motion i s  e i t h e r  0 or  l80  d e g re e s .  I t  i s  more conven ien t  
to  a l lo w  fo r  t h i s  by p o s i t i v e  and n e g a t iv e  v a lues  of  2 r a t h e r
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th an  changing the  s ig n  of  the  am pli tudes .
6 .2  F o u r- te rm  S o lu t io n  by th e  R i t z - G a l e r k i n  Method,— —-— — -- - - - - - - ~ - ■ - -......... V - . -■. - '._- —---  -. - .. — -■_    ■ —_  —
E quat ions  ( 5 . 1 7 ) ,  ( 5 , 1 8 ) ,  (5 .19 )  and ( 5 .2 0 ) ,  r e a r r a n g e d  
i n t o  a form more conven ien t  f o r  the  i t e r a t i o n ,  a r e  used w i th  
th e  procedure  a s  d e s c r ib e d  p r e v i o u s l y .  The a m p l i tu d e s  o f  
the  fundamental  and the  harmonics  a r e  e i t h e r  a l l  i n  phase or 
l 8 o  deg rees  ou t  o f  phase w i th  the  d i s t u r b i n g  f o r c e .  Hence 
fo r  comparison w i th  o th e r  r e s u l t s  the  maximum am pli tude  
Q = used.
6 ,5  S t a b i l i t y  C a lc u l a t i o n s
One of  the  consequences  of  n o n - l i n e a r i t y  i s  the  e x i s t e n c e  
of  domains of  i n s t a b i l i t y  i n  the  fo rced  v i b r a t i o n  r e s p o n s e .
To d e f in e  th e s e  g e n e r a l l y  a s e p e r a t e  p rocedure  must be used.  
The d i r e c t  a n a l y s i s  o f  the  eq u a t io n  of motion w i l l  produce 
s o l u t i o n s  a l s o  i n  r e g io n s  where s t a b l e  motion i s  no t  p o s s i b l e ,  
w i th in  the  scope of  t h i s  i n v e s t i g a t i o n  the  a r e a s  o f  
i n s t a b i l i t y  can be d e te rm ined  v i r t u a l l y  by i n s p e c t i o n  o f  the  
q - ^ c u r v e s .  For a f i x e d  s t a t i c  d e f l e c t i o n  à the  n a t u r a l  
f requency  curve forms the  ’’backbone" of th e  fam ily  o f  r e sp o n se
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cu rv es  o b ta in ed  f o r  v a r io u s  v a lu e s  o f  2. On the  low frequency  
s id e  of  the  backbone curve s e c t i o n s  o f  th e  response  
c h a r a c t e r i s t i c s  w i th  n e g a t iv e  g r a d i e n t s ,  and on the  h igh  
f requency  s id e  s e c t i o n s  \ . i t h  p o s i t i v e  g r a d i e n t s ,  co r respond  to  
u n s ta b le  c o n d i t i o n s .  Thus th e  a r e a  of i n s t a b i l i t y  w i l l  be 
en c lo sed  between the  backbone curve and th e  lo c u s  of  v o r t i c a l  
g r a d i e n t s  o f  the  fo rced  v i b r a t i o n  re sp o n se  c h a r a c t e r i s t i c s .  A 
f u l l  e x p l a n a t io n  o f  t h i s  s t a b i l i t y  c o n d i t io n  and o f  am p li tude  
jumps i s  g iv e n ,  f o r  exam ple , by S to k e r  [ l o j . K l o t t o r  and 
P inney  [19J have proved mat h e mat i c a l l y  t h a t  f o r  the  m a jo r i t y  
o f  c a se s  the  c r i t e r i o n  of  s t a b i l i t y ,  ex p re s sed  in  a form 
a p p l i c a b l e  to  t h i s  i n v e s t i g a t i o n  i s  ^  0 ,  From an i n s p e c t i o n  
o f  the  re sp o n se  c h a r a c t e r i s t i c s  F ig .  6 .1 ,  6 ,2 ,  6 .5  t h i s  i s  
équivalent to  r > 0 on th e  l e f t  hand s id e  and <6  ^ <' 0 on the  
r i g h t  hands ide  of  the  backbone cu rve .  This i s  c o n s i s t e n t  w ith  
th e  p r e v io u s l y  d e f in e d  b o u n d a r ie s  of  the  a r e a s  of  i n s t a b i l i t y .
A n a ly s i s ,  l e a d in g  to  th e  e s t a b l i s h i n g  of  the  e q u a t io n  of 
th e  lo c u s  of  v e r t i c a l  g r a d i e n t s ,  w i th  the  more a c c u r a t e  f o u r -  
term s o l u t i o n  in v o lv e s  th e  d i f f e r e n t i a t i o n  of the  fou r  s im u l­
taneous  e q u a t io n s  (5 . 17 ) to  (5 .2 0 )  which c o n t a in  f i v e  i n t e r ­
dependent v a r i a b l e s .  This  p rocedure  i s  very  l a b o r i o u s  and i s  
out  o f  p r o p o r t i o n  to  an improvement of  a ccu rac y  o f  abou t  3%» 
Consequent ly  th e  s t a b i l i t y  c a l c u l a t i o n s  a r e  c a r r i e d  ou t  w ith  
th e  much more t r a c t a b l e  tw o- te rm  s o l u t i o n .
-  ?8 -
M ath em a t ica l ly  i t  i s  more conven ien t  to  use = 0 a s
d qthe  s t a b i l i t y  c r i t e r i o n .  D i f f e r e n t i a t i n g  e q u a t io n  (6 .2 )  w ith  
-r e s p e c t  to  Q and u s in g  = 0 we o b ta in  fo r  a c o n s ta n t  value
dqof A
Q(1 + 3r 2 + 2  q^) = 1 + 3R^ + & + 6Q R ^
Q i  Z
S u b s t i t u t i n g  fo r  the  l e f t  hand s id e  from e q u a t io n  (6 .2 )
71  ^ = 1 + 3H^ + I  + 6qR ~      ( 6 .3 )dQ
From e q u a t io n  (6 .1 )
M  = - 6 R Q ..............    (6. '| .)
dQ 2 + 6R^ + 3Q^
S u b s t i t u t i n g  e q u a t io n  (6 .4 )  i n t o  (6 ,3 )
— 2
Y]^ = 1 + 3H*^  + r   --------------- 5— . . . . . . . . . .  ( 6 . 5 )
 ^ 2 + 6r 2 + 3Q^
This i s  the  e q u a t io n  of the  lo c u s  o f  v e r t i c a l  g r a d i e n t s
f o r  the  q -  ^  and M -  r e s p o n s e  cu rv es .  I t  i s  independen t
of  Z, hence a l s o  of the  s ig n  o f  q. This  can be seen  from the
“2e q u a t io n  i t s e l f  s in c e  on ly  q i s  p r e s e n t .  T h e re fo re ,  f o r  a 
p a r t i c u l a r  va lue  of A, th e  s i n g l e  lo c u s  curve w i l l  d e f in e  the  
a r e a s  o f  i n s t a b i l i t y  f o r  a l l  v a lu e s  of  2 and on b o th  s i d e s  of  
the  backbone cu rv e .
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6o4 D isc u ss io n  of R e s u l t s
Analogue computer s o l u t i o n s ,  a t  s t e a d y  s t a t e  fo rc e d  
v i b r a t i o n ,  a r e  p e r i o d i c ,  bu t  the  motion c o n ta in s  h ig h e r  
harm onics ,  w ith  the  f i r s t  t h r e e  having measurab le  a m p l i tu d e s ,
, Assumptions made i n  s e l e c t i n g  the form of s o l u t i o n  used 
f o r  the  t h e o r e t i c a l  a n a l y s i s  a r e  th u s  v e r i f i e d  e x p e r i m e n ta l l y .  
The f i r s t  t h r e e  harmonics a r e  always in  phase w i th  each o th e r  
a t  the  beg in n in g  o f  the  c y c le  of  m o t ion , They a r e  i n  phase 
w i th  the  d i s t u r b i n g  fo rc e  a t  f r e q u e n c i e s  below th e  n a t u r a l  
f req u en cy ,  and l 80 d eg ree s  out  of  phase a t  h ig h e r  f r e q u e n c i e s .
For each va lue  o f  A, a s  can bo seen  from F i g , 6 .1 ,  6 .2  
and 6 .3 ,  the  n a t u r a l  f requency  curve forms the  backbone of  the  
harmonic r e so n a n ce .  C l e a r ly  the  shape of the  resonance  
c h a r a c t e r i s t i c s  i s  i n f l u e n c e d  by t h e i r  co r re sp o n d in g  n a t u r a l
frequency  cu rv e ,  and c o n s eq u en t ly  the  e f f e c t  o f  the  s t a t i c  
d e f l e c t i o n  on the  harmonic re sonance  must bo s i m i l a r  to  t h a t  
on the  f r e e  v i b r a t i o n .  I t  can be concluded t h a t  a t  very  low 
v a lu e s  of  A the  re sp o n se  w i l l  no t  d i f f e r  s i g n i f i c a n t l y  from 
t h a t  a t  A = 0 .  Also a t  h ig h  a m p l i tu d e s ,  F i g . 6 .4 ,  th e  e f f e c t  
o f  the  s t a t i c  d e f l e c t i o n  i s  n e g l i g i b l e .  Thus th e  e f f e c t  of  
g r a v i t y  may be n e g l e c t e d  i n  th e  t h e o r e t i c a l  a n a l y s i s  only  i f  
the  n o n - l i n e a r i t y  i s  very  sm a l l .
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A n  a d d i t i o n a l  c o n s é q u e n c e  o f  t h e  s t a t i c  d e f l e c t i o n  i s  t h e  
e x i s t e n c e  o f  a n  a r e a  o f  i n s t a b i l i t y  a t  f r e q u e n c i e s  b e l o v ^  t h e  
n a t u r a l  f r e q u e n c y .  T h e  e x t e n t  o f  t h i s  r e g i o n  i n c r e a s e s  w i t h  
t h e  m a g n i t u d e  o f  n o n - l i n e a r i t y ,  t h a t  i s  w i t h  t h e  v a l u e  o f  Â,  
H o w e v e r ,  t h i s  i n s t a b i l i t y  o c c u r s  o n l y  a t  l o w e r  v a l u e s  o f  t h e  
d i s t u r b i n g  f o r c e  a m p l i t u d e ,  . E x p e r i m e n t a l l y  o b s e r v e d  a m p l i t u d e  
" j u m p s "  t a k e  p l a c e  s l o w l y  t o  t h e  n e a r e s t  s t a b l e  b r a n c h  o f  t h e  
r e s p o n s e  c h a r a c t e r i s t i c  a n d  a r e  a c c o m p a n i e d  b y  a  g r a d u a l  c h a n g e  
o f  p h a s e  i f  t h e y  o r i g i n a t e  b e l o w  t h e  b a c k b o n e  c u r v e .  I t  i s  
d i f f i c u l t  t o  d e t e r m i n e  a c c u r a t e l y  t h e  l i m i t  o f  s t a b i l i t y  b e c a u s e  
o f  t h e  a d d i t i o n a l  e x i s t e n c e  o f  t r a n s s i e n t  f r e e  v i b r a t i o n  a t  t h e  
s t a r t  o f  t h e  a n a l o g u e  c o m p u t a t i o n .  T h i s  c a u s e s  i n s t a b i l i t y  t o  
o c c u r  e a r l i e r  t h a n  p r e d i c t e d  f o r  t h e  i d e a l  c a s e  a n d  h e n c e  t h e  
e x p e r i m e n t a l  j u m p  a m p l i t u d e s  a r e  g e n e r a l l y  t o o  l o w .
At A = 0 ,  F i g , 6 .1 ,  the  r e s u l t s  o b ta in ed  w ith  the  two-term 
s o l u t i o n  a r e  a lm os t  e x a c t .  The e r r o r  o f  app rox im a t ion  
i n c r e a s e s  w ith  the  magnitude of  à and the  am pli tude  of  v i b r a t i o n ,  
F i g . 6 .2  and 6,3* Within the  range of t h i s  i n v e s t i g a t i o n  the  
maximum value  o f  the  f requency  e r r o r  i s  abou t  6%. With the  
fo u r - te rm  s o l u t i o n ,  F i g . 6 .4  and 6 .3 ,  t h i s  e r r o r  i s  reduced  to  an 
a lm os t  n e g l i g i b l e  amount.
S i m i l a r  r e s u l t s  a r e  o b t a i n e d  f o r  t h e  m e a n  d y n a m i c  
d i s p l a c e m e n t  M,  w h i c h  c a n  b e  s e e n  f r o m  F i g . 6 , 6  w i t h  t h e  t w o -
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te rm s o l u t i o n ,  and F i g , 6 .7  w i th  the  fo u r - te rm  s o l u t i o n .  From 
F i g . 6 ,7  i t  fo l lo w s  t h a t  M i s  i n  each case n e g a t iv e  and 
approaches  i t s  c o r re sp o n d in g  va lue  of  A a t  h igh  am pli tudes*
Thus a s  the  am pli tude  o f  v i b r a t i o n  i n c r e a s e s  the  amount of  
dead weight t r a n s m i t t e d  to  th e  s u p p o r ts  i s  d im in ish e d .
In  F i g . 6 .8  t h e o r e t i c a l  and ex p e r im en ta l  r e s u l t s  o f  the  
v a r i a t i o n  of am p l i tu d e s  o f  h ig h e r  harmonics a r e  shown f o r  the  
case  o f  A = 1 ,  i n  which the  e f f e c t  of  n o n - l i n e a r i t y  i s  
s t r o n g e s t .  On bo th  s i d e s  o f  the n a t u r a l  f requency  the  second 
harmonic p redom ina tes  over  tho t h i r d  i n  the  i n i t i a l  s t a g e s  of  
r e so n a n ce ,  b u t  i t  r e a c h e s  i t s  maximum f a i r l y  q u ic k ly  and then  
d e c re a s e s  s t e a d i l y .  The t h i r d  harmonic i n c r e a s e s  c o n t in u o u s ly  
and i n  the  l a t t e r  s t a g e s  of  the  resonance  i t  becomes p redom inant .  
However, s in c e  even sm all  amounts o f  damping reduce  c o n s id e r a b ly ,  
th e  resonance  am pli tude  i t  can be assumed t h a t  i n  tho range of  
p r a c t i c a l  i n t e r e s t  the  second harmonic i s  more e f f e c t i v e .  w i th in  
t h i s  range the  am pli tude  o f  th e  second harmonic i s  on average  
10% of the  t o t a l  a m p l i tu d e ,  and the  t h i r d  about 4%. I t  i s  a l s o  
o f  i n t e r e s t  to  note t h a t  a t  lev; f r e q u e n c ie s  b o th  th e s e  harmonics 
e v e n t u a l l y  become n e g a t iv e .  This i s  due to  the  p ro x im i ty  of  
th e  superharmonic of  o rd e r  2* A s i m i l a r  change of  s ig n  does 
no t  take p la c e  w ith  the  t h e o r e t i c a l  r e s u l t s  on the  h igh  
f requency  s id e  of  the  r e so n a n ce .  The rea s o n  fo r  t h i s  i s  t h a t  
subharmonic resonance  i s  a d i f f e r e n t  type  of  motion r e q u i r i n g
-  82 -
a new form of app ro x im a t io n  f o r  tho  t h o o r o t i c a l  s o l u t i o n ,  and 
can no t  e x i s t  below c e r t a i n  f r e q u e n c i e s .
The f a i r l y  l a r g e  amount o f  s c a t t e r  of  tho ex p e r im en ta l  
p o i n t s  i n  F ig .  6 .8  i s  due to  the  p r o p o r t i o n a t e l y  h ig h e r  e r r o r  
because  of  the  sm a l ln e s s  o f  the  harmonic am p l i tu d e s  i n  com­
p a r i s o n  w i th  the  t o t a l  a m p l i tu d e .  N e v e r th e l e s s ,  th e  degree 
of  agreement between e x p e r im e n ta l  and t h e o r e t i c a l  v a lu e s  i s  
good. R e s u l t s  o b ta in e d  f o r  o th e r  v a lu e s  of  A and Z, which 
a3?e not  p r e s e n te d  h e r e ,  show th e  same g e n e r a l  c h a r a c t e r i s t i c s .
One f u r t h e r  p o in t  of  i n t e r e s t  i s  the  comparison o f  the  
am p l i tu d e s  of  the  fundam enta l  component o f  m otion ,  from the  
fo u r - t e r m  s o l u t i o n  and C from th e  two-term s o l u t i o n .  I t  can 
be soon from F ig ,  6 .8  and 6 ,3  t h a t  gonera . l ly  Q i s  a b e t t e r  
app rox im a t ion  to  the  e x a c t  s o l u t i o n  than  Thxs shows t h a t
w i th  the  R i t z - G a l e r k i n  Method the  " b e s t "  p o s s i b l e  app ro x im a t io n  
i s  o b ta in ed  f o r  a p a r t i c u l a r  form of  s o l u t i o n .
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Chapter  7
Superharmonic Resonance o f  Order 2 
7*1 T h e o r e t i c a l  S o lu t io n
In  c o n t r a s t  to  subharmonic r e so n a n c e ,  superharm onics  
occur  a s  a r e s u l t  o f  tho m a g n i f i c a t i o n  o f  one of the  
h ig h e r  harmonics which e x i s t  i n  the  n o t io n  th roughou t  th e  
f requency  r a n g e , In  th e  case  o f  the  superharmonic 
re sonance  of  o rd e r  2 the  second harmonic becomes the  p r e ­
dominant component o f  the  motion in  the  r e g io n  where tho 
f requency  o f  the  d i s t u r b i n g  fo rc e  i s  abou t  h a l f  o f  the  
n a t u r a l  f requency .  Thus th e  g e n e ra l  f o u r - te rm  s o l u t i o n ,  
o b ta in e d  by the  R i t z - G a l e r k i n  method fo r  th e  fo rc ed  v i b r a t i o n ,  
can be used a l s o  i n  t h i s  c a s e .  The minimum req u i rem en t  f o r  
th e  cho ice  o f  tho s o l u t i o n ,  i n  a d d i t i o n  to  the  c o n s ta n t  te rm, 
i s  the  component o f  motion of  the  same f requency  a s  the  
d i s t u r b i n g  fo rc e  and the  te rm  c o r re sp o n d in g  to  the  p a r t i c u l a r  
subharmonic.  The i n c l u s i o n  o f  the  f i r s t  i s  n e c e s s a ry  fo r
93 **
th e  t r a n s f e r  o f  energy  from th e  d i s t u r b i n g  fo rc e  to  the  
v i b r a t i n g  system. T h e re fo re  the  s im p le s t  p o s s i b l e  approx­
im a t io n  which can be used i n  t h i s  case i s
X a M + cos cot + Q cos2mt    ( 7 .1 )
To o b ta in  th e  s o l u t i o n  on ly  e q u a t io n s  (5 1 7 ) ,  ( 3 , l 8 )  and 
(3*19) need be used w ith  = 0« For the  i t e r a t i o n  p rocedure  
th e s e  a r e  r e a r r a n g e d  a s  fo l lo w s :
From eq u a t io n  (3 .17 )
.  -3  [ â ( q J  +
2(1 + + 3ÂR) + 3(Q^ + Qg)    ( 7 .2 )
From e q u a t io n  (3 .18 )
,2 1 f Q.2''! = J  p  + f  (q^ + zqZ) { + I  s  ,
%2
(7 .3 )
and from e q u a t io n  (3 .19 )
%1 =
(7#4v
For the  f r e e  v i b r a t i o n ,  w ith  the  f i r s t  two harmonics 
taken  i n t o  a c c o u n t ,  from e q u a t io n  ( 3 .18)  the  fo l lo w in g
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e x p re s s io n  i s  o b ta in e d :
'7^  ^ = 1 + 3R^ + 3Q2S + + z q p .    ( 7 . 5 )
where ^  i s  the  non -d im ens iona l  n a t u r a l  frequency*
S u b s t i t u t i n g  from e q u a t io n  (7«$) i n t o  (7 ,4 )
Q.T   ***,*,( ,»*, ( 7 *8 )
o c
Equation  (7 .6 )  has th e  form co r re sp o n d in g  to  the  l i n e a r  
fo rc ed  v i b r a t i o n .  Here however i s  no t  c o n s ta n t  bu t  i n c r e a s e s  
w i th  the  am pli tude  of v i b r a t i o n ,  and i t  w i l l  always be g r e a t e r  
th an  w i th in  the  subharmonic resonance  r e g io n .  Hence
Cî'w i l l  have p o s i t i v e  v a lu e s  o n ly .  In  the  sufÿiarmonic r e g io n
the  r e l a t i v e  v a lu e s  of  and no t  the  same a s  f o r  the
harmonic r e so n a n c e .  Consequent ly  the  c h a r a c t e r i s t i c s  w i l l  
d e v i a t e ,  though no t  g r e a t l y ,  from the  c o n t i n u a t i o n  i n t o  t h i s  
r e g io n  of the  co r re sp o n d in g  harmonic re sonance  c u rv es .  F u r t h e r ,  
by i n s p e c t i o n  i t  fo l lo w s  t h a t  e q u a t io n  (7 ,3 )  i s  independen t  of  
th e  s ig n  of b u t  no t  o f  Plence the  supyjiarmonic re sp o n se
w i l l  c o n s i s t  o f  tv/o d i s t i n c t  b ran ch e s ,  one c o r re sp o n d in g  to  
p o s i t i v e  v a lu es  and the  o t h e r  to  n e g a t iv e  v a lu e s  o f  Q .
The same b a s i c  p rocedu re  i s  used a s  p r e v io u s l y  f o r  the
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d i g i t a l  computer s o l u t i o n s ,  b u t  i n  t h i s  case  v a lu es  of  
a r e  p r e s c r i b e d  and s e p e r a t e  s o l u t i o n s  a r e  c a r r i e d  out f o r
A s t a b i l i t y  a n a l y s i s ,  on the  b a s i s  o f  v e r t i c a l  g r a d i e n t s ,  
was c a r r i e d  o u t .  S ince  t h i s  invo lved  o p e r a t io n  on th r e e  
s im u l taneous  e q u a t io n s ,  t h a t  i s  ( 7 . 2 ) ,  (7 .3 )  and (7 * 4 ) ,  which 
c o n t a in  fou r  v a r i a b l e s ,  th e  r e s u l t i n g  e x p re s s io n s  were very  
l e n g th y  and unwieldy .  The r e g io n s  of i n s t a b i l i t y  can be 
r e a d i l y  l o c a t e d  by i n s p e c t i o n  o f  the  resonance  c u rv e s ,  and 
t h e r e  i s  very  l i t t l e  to  be ga ined  from the  ex t rem ely  l a b o r i o u s  
s t a b i l i t y  a n a l y s i s ,  which i s  con seq u en t ly  no t  in c lu d e d  h e r e .
7 .2  .Energy Balance i n  Superharmonic Resonance w i th  l i g h t  
Viscous Damping.
Exper im en ta l  r e s u l t s  a r e  found in  t h i s  case  to  be very  
s e n s i t i v e  to  damping. In o rd e r  to  e x p l a in  some of  the  
unusua l  c h a r a c t e r i s t i c s  of  th e  re sp o n se  i t  i s  n e c e s s a ry  to  
c o n s id e r  the  energy  b a lan ce  o f  the  s te a d y  s t a t e  v i b r a t i o n .
With v i sc o u s  damping p r e s e n t  i n  the  system, th e  d i s p l a c e -  
ûv»ment f o r  the  sujDjtiarmonic re so n an ce  i s  g iven  by
X :=■ M + 0^ cos(o)t-0^)  + Q^cos(,2mt.,,-: 0^) , . . . . . . . . . .  ( ? . ? )
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where 0^ and 0  ^ a r e  th e  phase a n g le s  between th e  d i s t u r b i n g  
fo rc e  and the  r e s p e c t i v e  harmonics*
Then
. . .  ( 7 . 8 )
ic = -CÜ I q ^ s in (o )t-0 ^ ) + 2Qi sinCZmt-Og) j
The d i s t u r b i n g  fo rc e  i s  g iven  by
The energy in p u t  p e r  cy c le  i s  then
-, /■ 271E. = -  \ Px d wtDL 0) iJ O
S u b s t i t u t i n g  fo r  x  from e x p re s s io n  (7*8)
1 /' 2 r  1E .  =  -  ~  \ Zoo c o s  o j t  (0 | Q _ s i n ( w t - 0_ )  +  2 Q _ s i n ( 2 w t - 0  ) d w tM ÜJ \ i  M *L £z a \J  o
2 I  ^ o ■ := -Zcü I I (cos  o ^ s in  mt cos wt -  s i n  0^ cos^wt)dwt + 0 j ,
i -i o
and ,  th u s ,  ÏÏ. becomes 1
2
=  Zco Q ^ n s i n  0^ . ................................................................................................ ......................( 7 . 1 0 )
Let a be the  damping c o e f f i c i e n t  p e r  u n i t  mass. The energy
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a b s o r b e d  d u e  t o  d a m p i n g  i s  t h e n
1 (  . 2 E q  = j j  1 a ( x )  d ( w t )
J  o
S u b s t i t u t i n g  f o r  x from e q u a t i o n  (7 .8 )
E  =
I 2 ix 
w a  1
Vo
2 2 2a in  (wt—0^) + ^Q^sin (2wt—o^) +
+ s i n  ( 2w t - 0 _ ) d « t
w h i c h  r e d u c e s  t o
= waE(0^ 4- 4^2^
E q u a t i n g  ( 7 . 1 0 )  a n d  ( 7 . 1 1 )
M u l t i p l y i n g  t h r o u g h o u t  b y  p, a n d  r e a r r a n g i n g
Z = 2
oq.
s i n  0 _ 1I
(1 + 4 6' ) .
. .  ( 7 . 12 )
I n  t h e  a b o v e  G i s  t h e  d a m p i n g  r a t i o  b a s e d  o n  t h e  l i n e a r
n a t u r a l  f r e q u e n c y ,  t h a t  i s  G = ~  , w h e r e  a  = 2 p  i s  t h e  c r i t i c a l
c .  °
d a m p i n g  c o e f f i c i e n t .  A l s o  e  = "2 i s  t h e  a m p l i t u d e  r a t i o .
^1
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7 .3  D isc u ss io n  o f  R e s u l t s
Because o f  the  r e l a t i v e  s l e n d e r n e s s  o f  the  superharmonic 
r e sponse  c u rv e s ,  fo r  p l o t t i n g  of  graphs i t  was n e c e s s a ry  to  use 
a f requency  s c a l e  f i v e  t im es  a s  g r e a t  a s  f o r  th e  harmonic 
r e so n an ce .  This  makes th e  ex p e r im en ta l  e r r o r  appear  to  be 
g r e a t e r  in  comparison w i th  p r e v io u s  r e s u l t s .  In  f a c t  the  
d i f f e r e n c e  between t h e o r e t i c a l  and ex p e r im en ta l  v a lu e s  of  
f requency  i s  g e n e r a l l y  l e s s  than  3/o.
The r e l a t i v e l y  sm a l l  e r r o r  of  approx im at ion  i s  mainly  due 
to  the  use o f  two harmonic terms in  the  s o l u t i o n .  A d d i t i o n a l l y  
th e  e x p e r im en ta l  non -d im en s io n a l  am p l i tu d e s  d id  no t  exceed 1,  
l i m i t i n g  the  comparison to  th e  more a c c u r a t e  r e g io n  o f  the  
approximate  a n a l y s i s .
In  o rd e r  to  o b t a in  an i n d i c a t i o n  o f  the  e f f e c t  of  the  t h i r d  
harmonic on the  sup^armonic resonance  a l l  four  e q u a t io n s ,  (3 .1 ? )  
to  ( 3 ,1 8 ) ,  were so lved  fo r  th e  fo u r - te rm  app ro x im a t io n .  In  the  
r e g io n s  where e x p e r im e n ta l  r e s u l t s  a r e  p o s s i b l e ,  the  am pli tude  
o f  the  t h i r d  harmonic i s  sm a l l  i n  comparison w ith  and q . 
At h ig h e r  am p l i tu d e s  when r e a c h in g  a maximum, approaches  the  
magnitudes o f  E x p e r im e n ta l ly  o b ta in ed  v a lu e s  o f  q a r e
very sm a l l .  Hence the  g a in  i n  ac cu racy  i n  the  r e g io n  o f  the
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r e so n a n ce ,  which i s  o f  p r a c t i c a l  i n t e r e s t ,  i s  n e g l i g i b l y  sm a l l ,  
and i t  i s  no t  shown h e re .
The resonance  o f  the  superharmonic i s  shown i n  F ig .  7 .1  
and 7*6# I t  i s  e s s e n t i a l l y  the  harmonic resonance  e x c i t e d  by 
a d i s t u r b i n g  fo r c e  of  h a l f  i t s  f requency .  E qua t ion  (7 .3 )  i s  
th e  b a s ic  e x p r e s s io n  fo r  th e s e  cu rv es .  I t s  f i r s t  term i s  h a l f  
t im es  the  n a t u r a l  f requency  w ith  the  p o s i t i o n s  o f  and Q 
in te rc h a n g e d .
Due to  the  backbone cu rv es  having h a l f  f requency  v a lu es  
the  Slfpifharmonic resonance  c h a r a c t e r i s t i c s  a r e  more u p r i g h t  i n  
comparison w ith  the  harmonic re so n a n ce ,  and co n seq u en t ly  the  
f requency  range  of  re sonance  i s  s m a l l e r .
The re sonance  cu rves  i n t e r s e c t  a t  a p o i n t .  For a g iven  
value  o f  A i t s  p o s i t i o n  i s  v i r t u a l l y  independen t  o f  2, F ig ,  7 ,1 .  
But ,  a s  can be seen from F ig .  7 .9 ,  the  am pli tude  a t  which 
i n t e r s e c t i o n  t a k e s  p la c e  i n c r e a s e s  w ith  the  value  of  A. These 
p o i n t s  of  i n t e r s e c t i o n  a r e  no t  b i f u r c a t i o n  p o i n t s .
S e c t io n s  o f  the  r e sp o n se  c h a r a c t e r i s t i c s  c o r re sp o n d in g  to  
u n s ta b le  c o n d i t i o n s ,  a r e  bounded by p o i n t s  w ith  v e r t i c a l  
g r a d i e n t s .  Amplitude jumps i n  the  neighbourhood of  th e s e  
p o i n t s  were observed  e x p e r i m e n ta l ly .  The asymmetry o f  the
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r e s t o r i n g  fo rc e  c h a r a c t e r i s t i c  r e s u l t s  i n  an i n i t i a l  
"bending back" of  the  r e sp o n se  cu rv es .  Hence à#»an 
a d d i t i o n a l  a r e a  o f  i n s t a b i l i t y  e x i s t s  i n  the  b ran ch ,  an
e f f e c t  s i m i l a r  to  t h a t  observed  w ith  the  harmonic r e so n a n ce .
At h ig h e r  v a lu e s  o f  A the  e x i s t e n c e  o f  the  two a r e a s  o f  
i n s t a b i l i t y  imposes a  l i m i t  on the  am pli tude  of  r e so n a n c e .
In  F ig ,  7 .1  i t  can be seen  from the  t h e o r e t i c a l  cu rves  t h a t  
on i n c r e a s i n g  the  f requency  th rough  the  resonance  range  fo r
each value  o f  2 a jump w i l l  take  p la ce  from the  b ranch
o. ^up t o / s t a b l e  s e c t i o n  o f  th e  Qg b ranch .  The am p l i tu d e s  to
which the  v i b r a t i o n  jumps a r e  com p ara t iv e ly  s m a l l ,  and
f u r t h e r  i n c r e a s e  of  f requency  r e s u l t s  i n  a d ec re ase  of  the
am pli tude  o f  v i b r a t i o n .  When the  f requency  o f  the
d i s t u r b i n g  fo rc e  i s  d ec rease d  th rough  the  resonance  ra n g e ,
th e  am pli tude  fo l lo w s  the  + q branch u n t i l  j u s t  beyond the
p o in t  of  i n t e r s e c t i o n  a jump down to  the  branch  ta k e s
p l a c e .  Consequent ly  cannot  a t t a i n  a h ig h e r  s t a b l e  v a lu e .
However, a s  i n d i c a t e d  by the  shape of the  curve f o r  2 = 1 ,  a t
h ig h e r  v a lu es  o f  the  d i s t u r b i n g  fo rc e  the  n e g a t iv e  b ranch  of
th e  response  c h a r a c t e r i s t i c  w i l l  become com ple te ly  s t a b l e ,  and
t h e o r e t i c a l l y  th e  am pli tude  could  i n c r e a s e  i n d e f i n i t e l y .
E xper im enta l  r e s u l t s ,  however, i n d i c a t e  t h a t  damping, even of
very  sm all  m agnitude ,  has a c r i t i c a l  e f f e c t  on resonance  and
i s  i n  t h i s  case  the  predom inant  am pli tude  l i m i t i n g  f a c t o r .
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Since the  superharmonic resonance  i s  very s i m i l a r  to  the  
f r e e  v i b r a t i o n ,  i t  i s  e s s e n t i a l  to  e l im in a t e  a s  f a r  a s  
p o s s i b l e  the  t r a n s i e n t  f r e e  v i b r a t i o n  e x c i t e d  by th e  s t a r t  of  
ana logue  com puta t ion .  This  i s  done by i n c lu d in g  i n i t i a l l y  a 
sm al l  amount o f  damping, a s  d e s c r ib e d  i n  Chapter  4. At 
Z = 0 .1  i t  i s  im p o ss ib le  to  e x c i t e  the  superharmonic r e so n a n ce ,  
Even w ithou t  damping s a t i s f a c t o r y  r e a d i n g s  cannot be o b ta in e d .
At h ig h e r  v a lu e s  of  Z resonance  i s  p roduced ,  bu t  the  
am pli tude  of th e  superharmonic  component can be i n c r e a s e d  a long  
the  p o s i t i v e  b ranch  only  t o  a p o s i t i o n  j u s t  above the  p o in t  of  
i n s t a b i l i t y  on the  n e g a t iv e  b ran ch .  Resonance a t  h ig h e r  
a m p l i tu d es  cannot be m a in ta in e d .  When a h ig h e r  a m p l i tu d e ,  
c o n s i s t e n t  w ith  the  t h e o r e t i c a l  s o l u t i o n ,  i s  c a r e f u l l y  s e t  as  
th e  i n i t i a l  c o n d i t i o n ,  the  o s c i l l a t i o n  d im in ish e s  g r a d u a l ly  
u n t i l  the  system s e t t l e s  down to  s te ad y  s t a t e  v i b r a t i o n  a t  the  
lowerj s t a b l e  am p li tude  on the  n e g a t iv e  b ranch  o f  From
F ig .  7 .1  i t  can be seen t h a t  th e  maximum am pli tude  a t t a i n e d  by 
$2 depends upon the  magnitude o f  Z. The a m p l i tu d e s ,  
co r re sp o n d in g  to  v a lu e s  o f  Z = 0 . 4 ,  0 .6  and 1 ,  a r e  ap p ro x im a te ly  
0 . 3 ,  0 .6  and 1 r e s p e c t i v e l y .  S ince t h e o r e t i c a l l y  the  maximum 
am pli tude  a t t a i n a b l e  i n  t h i s  case  i s  1 .2  and i s  independen t  o f  
Z, i t  must be assumed t h a t  th e  sm all  magnitude o f  the  in h e r e n t  
damping i n  th e  computer i s  th e  l i m i t i n g  f a c t o r  and n o t  the  
accu rac y  o f  the  t h e o r e t i c a l  method.
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A t h e o r e t i c a l  s o l u t i o n  w i th  damping taken  i n t o  
c o n s i d e r a t i o n  would be very  t e d i o u s ,  A much e a s i e r  a l t e r ­
n a t i v e  i s  to  use the  energy b a la n c e ,  th e  r e s u l t  of  which i s  
g iven  by e q u a t io n  ( 7 .1 2 ) .  The most obvious d ed u c t io n  i s  t h a t  
due to  f requency  m u l t i p l i c a t i o n  the  superharmonic component 
of  motion a b s o rb s  most o f  th e  s u p p l i e d  energy .  Near 
resonance  a t  low damping s i n  0^ ,  and ^  w i l l  no t  vary
2s i g n i f i c a n t l y ,  hence Z i s  app ro x im a te ly  p r o p o r t i o n a l  to  4 e . 
Consequently  l a r g e  v a lu es  o f  Z a re  r e q u i r e d  to  produce a 
m a g n i f i c a t io n  o f  any s i g n i f i c a n c e , and o n l y ^ r e l a t i v e l y  low 
maximum of can be a t t a i n e d  even a t  low damping,
Burgess j 5 ] i  u s in g  the  R i t z - G a le r k in  method, o b ta in e d  
s i m i l a r  r e s u l t s ,  bu t  f o r  the  superharmonic o f  o rder  3 o f  a 
system w ith  a  sym m etr ica l  r e s t o r i n g  fo rc e  c h a r a c t e r i s t i c  and 
v is c o u s  damping. The r e s u l t s  a r e  f o r  a d i s t u r b i n g  f o rc e  of  
c o n s ta n t  am pli tude .  S = 1, Allowing fo r  the  f requency  e f f e c t  
i n  the  " c e n t r i f u g a l  type"  o f  d i s t u r b i n g  fo rc e  and th e  d i f f e r e n t  
o rd e r  of  sujD^arrnonic, S = 1 i s  ap p ro x im a te ly  e q u i v a l e n t  to  
Z = 3« For t h i s  c o n d i t i o n  the  t h e o r e t i c a l  r e s u l t s  o b ta in ed  
by Burgess show a maximum va lue  fo r  of  0 .7  when the  damping 
r a t i o  G = 0 ,0 2 ,  and 0 ,4  when G = O.O6 ap p ro x im a te ly .  In  the  
l a t t e r  case th e  c r o s s i n g  p o i n t  i s  not  re ac h e d .
From p r a c t i c a l  c o n s i d e r a t i o n s  a va lue  of  Z = 1 i s  very
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h ig h .  Consequent ly  the  dynamic m a g n i f i c a t io n  due to  
superharmonic r e so n a n ces  w i l l  be n e g l i g i b l y  sm all  even a t  very  
low v a lues  o f  damping, such a s  would occur n a t u r a l l y  i n  any 
p r a c t i c a l  v i b r a t i n g  system. The l i m i t i n g  e f f e c t  o f  Z on 
the  ex p e r im e n ta l  r e s u l t s  f o r  Q in  F ig .  ? . l  i s  a l s o  e x p la in e d .
T h e o r e t i c a l  r e s u l t s  o f  Burgess a r e  v e r i f i e d  by A tk inson  
[21 j by means of  ana logue  computer, s o l u t i o n s .  E xper im en ta l  
v a lu e s  o f  f requency  a r e ,  a s  i n  t h i s  i n v e s t i g a t i o n ,  h ig h e r  than  
the  t h e o r e t i c a l  by abou t  4%, R e s u l t s  f o r  su&harmonics o f  
o th e r  o r d e r s  a r e  a l s o  shown, w i th  t h i r d  b e in g  th e  s t r o n g e s t .  
The p resence  of  even harmonics  i s  a l s o  d e t e c t e d ,  b u t  the  
r e l a t i v e  am pli tude  o f  th e  su&harmonic component i s  so sm a l l ,  
t h a t  the  most p ro b ab le  e x p l a n a t io n  fo r  i t s  e x i s t e n c e  i s  
asymmetry due to  th e  unavo idab le  e r r o r  i n  the  computer s e t  up 
p r o c e d u r e ,
T h e o r e t i c a l  r e s u l t s  o b ta in e d  by Caughey [ 22] ,  f o r  a 
sym m etr ica l  system w ith  damping, do no t  show th e  loop  and 
c r o s s i n g  p o i n t .  The method of  Van der  Pol  i s  used ,  and 
consequen t ly  s o l u t i o n s  a r e  r e s t r i c t e d  to  sm all  v a lu e s  of  
n o n - l i n e a r i t y ,  t h a t  i s  sm a l l  v a lu e s  of  non -d im ens iona l  d i s ­
placement and fo rc e  a m p l i tu d e s .  Hence th e  a p p a re n t  tendency 
o f  h i s  re sp o n se  curve towards  a peak i s  due to  the  p ro x im i ty  
o f  the  c r o s s i n g  p o i n t ,  which i s  no t  reac h ed .
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The v a r ia t io n ,  o f  th e  mean dynamic d isp lacem en t  M w ith  
f requency  i s  shown i n  F ig ,  7 ,2  and 7 .8 .  These curves  a l s o  
i n t e r s e c t  a t  the  same p o in t  f o r  d i f f e r e n t  v a lu es  of  Z, and 
approach a s y m p t o t i c a l l y  t h e i r  r e s p e c t i v e  v a lu e s  o f  A.
From F i g , 7 . 3 ,  7*4, 7 .3  and 7 .7  i t  can be seen t h a t  s u p e r -  
harmonic re sonance  does no t  cause the  fundamental  component 
o f  motion to  d e v ia te  a p p r e c i a b l y  from the  harmonic s o l u t i o n .  
The a r e a s  of  g r e a t e s t  d i f f e r e n c e  correspond  to  u n s ta b le  
c o n d i t i o n s .  E xper im en ta l  r e s u l t s  a r e  always c l o s e r  to  the  
harmonic s o l u t i o n .  Hence th e  use of  the  s im p le r  harmonic 
resonance  e x p re s s io n  fo r  would not  i n c r e a s e  the  e r r o r  
s i g n i f i c a n t l y ,  and i t  i s  hence a r e a s o n a b le  ap p rox im a t ion .
The e f f e c t  of  the  s t a t i c  d e f l e c t i o n  on the  su^harmonic 
resonance  i s  shown i n  F ig ,  7,9* Higher v a lu e s  of  A in c r e a s e
fthe  f requency  a t  which resonance  t a k e s  p la c e  and in to d u ce  anh
a d d i t i o n a l  a r e a  of  i n s t a b i l i t y  due to  th e  "bending back" of 
the  c h a r a c t e r i s t i c s .  At h igh  v a lu es  o f  A the  resonance  w i l l  
occur  mainly when the  f requency  of the  d i s t u r b i n g  fo rc e  i s  
d e c re a s e d ,  and a t  low v a lu e s  o f  A when the  f requency  i s  
i n c r e a s e d .  The e f f e c t  o f  the  s t a t i c  d e f l e c t i o n  becomes 
n e g l i g i b l e  a t  h igh  a m p l i tu d e s ,  but  t h i s  has very  l i t t l e  p r a c t i c a l  
s i g n i f i c a n c e  due to  the  s e v e re  am pli tude  l i m i t a t i o n  by damping.
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Equation  (7«3) d e f in e s  the  re sp o n se  o f  the  sup^armonic 
component In  the  r e g io n  o f  t h i s  resonance  a s  Z ten d s
to  zero  a l s o  te n d s  to  z e ro ,  and fo r  th e  l i m i t i n g  c o n d i t io n  
e q u a t io n  (7 ,3 )  r ed u ce s  to
= Ç o  + 3E^ + J  ,
which i s  the  backbone of  th e  re so n an ce .  I t  i s  a l s o  the  
eq u a t io n  of  the  f r e e  v i b r a t i o n  a t  h a l f  f requency ,  based on 
th e  am pli tude  The supjiarmonic re sp o n se  of  i s  th u s
th e  harmonic r e s o n a n c e ,  which i s  e x c i t e d  by a d i s t u r b i n g  
fo rc e  of  h a l f  i t s  f req u en cy .  The s l i g h t l y  m odif ied  shape of  
the  Qg^^^Gurves i s  due to  the  d i f f e r e n t  behav iour  o f  the  
o th e r  harmonics of  motion i n  the  superharmonic resonance  
r e g io n .
The g r e a t e s t  am p l i tude  o f  the  p e r i o d i c  cyc le  i s  + Q , 
and i t  i s  e i t h e r  p o s i t i v e  or  n e g a t iv e ,  depending upon th e
a rephase r e l a t i o n s h i p .  In  F i g . (7 ,11 )  and (7 .12 )  
p l o t t e d  a g a i n s t  and i t  i s  e v id e n t  t h a t  the  h a l f  f r e e  
v i b r a t i o n  forms the  backbone of  th e  t o t a l  r e sp o n se .  A s i m i l a r  
r e s u l t  was o b ta in e d  by A tk inson  I21I  f o r  s e v e r a l  o r d e r s  o f  
subharmonics.
This o f f e r s  an easy  method of  l o c a t i n g  the  approxim ate
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r e g io n  of a su^^armonic by p l o t t i n g  the  n a t u r a l  f requency  
curve d iv id ed  by the  co r re sp o n d in g  o rd e r  number of  the  
r e s o n a n c e •
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Chapter  8
Subharnionic Resonance o f  Order j-
8 .1  T h e o r e t i c a l  S o lu t io n
In  c o n t r a s t  to  th e  superharmonic r e s o n a n c e ,  i n  t h i s  case  
a  new component of motion i s  e x c i t e d ,  and i t  e x i s t s  on ly  i n  a 
l i m i t e d  f requency  ran g e .  The frequency  of  the  subharmonic i s  
h a l f  of  the  f requency  of th e  d i s t u r b i n g  f o r c e ,  and b a s i c a l l y  
i t  i s  a resonance  o f  the  f r e e  v i b r a t i o n .  A s e p e r a t e  s o l u t i o n
of  e q u a t io n  (3*9) has  to  be c a r r i e d  o u t .  The u s u a l  p rocedure
f o r  subharmonics o f  the  odd type i s  to  assume f o r  the  s o l u t i o n ,  
i n  the  absence o f  damping, e i t h e r  cos ine  or s in e  terms o n ly ,  
depending upon the  f u n c t io n  of  the  d i s t u r b i n g  f o r c e .  For the  
subharmonic of  o rd e r  -J i t  i s  found, t h a t  such an app rox im a t ion  
i s  i n s u f f i c i e n t  and y i e l d s  one branch  o f  the  re sponse  
c h a r a c t e r i s t i c  on ly .  From an  a n a l y s i s  o f  the  damped c a s e ,  
shown fo r  r e f e r e n c e  i n  Appendix IV, i t  i s  e v id e n t  t h a t  f o r  the  
subharmonic component w i th o u t  damping phase a n g le s  o f  0 and
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90 degrees  have to  be used .  Thus the  s im p le s t  form of  the  
s o l u t i o n  of  e q u a t io n  (3 .9 )  i s  i n  t h i s  case
X = M + QjC0 s( |* t  « 0 ^) + cos o)t    ( 8 , 1 )
2
In the  above 0^  i s  e i t h e r  0 or For the  a p p l i c a t i o n
of  the  K i t z - G a l e r k in  method i t  i s  more conven ien t  to  s e p e r a t e
the  s o l u t i o n s  fo r  th e  two v a lu e s  o f  0^, th u s :
2
X = M + Qj_ cos |- t  4- cos tot   ( 8 .2 )
and
X = M + s i n  “ t  + Q^cos oot     ( 8 , 3 )
In  t h i s  case  the  cy c le  o f  v i b r a t i o n  has  a p e r io d  o f  kn i n  
tot. Applying the  K i t z - G a l e r k in  method to  the  eq u a t io n  (3 ,12 )  
w i th  s o l u t i o n s  ( 6 . 2 ) and ( 8 . 3 ) the  fo l lo w in g  c o n d i t i o n s  a r e  
o b ta in e d :
E(x) d (w t)  = 0 ,  . &.................  ( 8 . 4 )
J  o
4lL
üVx;cos ^
J o
E (x) “ t  d(ti)t) = 0 ,    ( 8 , 3 )
or
4tc
TP ( .csT -n ^
O
E ( x ) s i n  ~ t  d(ü)t) = 0 ,     ( 8 .6 )
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and
E (x)cos  cat d(<ot) = 0 ,  , . , . , , .  . . .  ( 8 .7 )
o
In  the  above E(x) i s  used to  s im p l i f y  n o t a t i o n  and 
r e p r e s e n t s  th e  a c t u a l  e q u a t io n  o f  motion g iven  by th e  l e f t  
hand s id e  of  e q u a t io n  ( 3 . 1 2 ) .
■The i n t e r g r a t i o n  of e x p r e s s io n s  (8 .4 )  to  (8 .7 )  y i e l d s  the  
fo l lo w in g  a l g e b r a i c  n o n - l i n e a r  e q u a t io n s  conve r ted  to  the  non- 
d im ens iona l  form:
2M (1  + + 3 Â i î )  + 3 S ( Q ?  + Q ? )  T I  Q? Q. = 02 J- c. X
. . . . . . . . . .  ( 8 .8 )
% ) + 3R^ ;  3QiR + f ( q |  + 2Q^) I = 0
(8 .9 )
'”*1 (%i + Z) + + ^]_(Q^ + 2 ^ )  = 0
( 8. 10)
The upper s ig n  co r re sp o n d s  to  the  s o l u t i o n  w ith  s i n  ~ t  
and the  lower to  cos ^ t .
From (8 .9 )  i t  i s  e v id e n t  t h a t  one s o l u t i o n  i s  = 0 .  Thus 
th e  subharmonic w i l l  e x i s t  i n  the  r e g io n  d e f in e d  by the  s o l u t i o n
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o f  the  rem ainder  o f  e q u a t io n  ( 8 . 9 ) ,  t h a t  i s
4(1 + 3^^ + + 3Qj^(Q^ + 4H)
(8,11)
The two-term s o l u t i o n  f o r  the  f requency  of  th e  f r e e  v i b r a t i o n  
from eq u a t io n  (3 .2 )  i s
1 + 38^ + ?    (8 .1 2 )
The above e x p re s s io n  has a p h y s i c a l  meaning only  i n  the  
range  of  the  harmonic r e s o n a n c e ,  where i s  the  predominant 
component o f  m otion .  I t  i s  t h e r e f o r e ,  a p p l i c a b l e  up to  th e  
c r i t i c a l  p o in t  where the  subharmonic a p p e a r s .
From ( 8 . 1 1 ) ,  u s in g  th e  s u b s t i t u t i o n  ( 8 . 1 2 ) ,  i t  f o l lo w s  
t h a t  r e a l  r o o t s  f o r  cannot be o b ta in ed  i n  the  range
\  \  ^^o ^ . . . . . . . . . .  ( 8 .1 3 )
For the  f requency  range  where = 0 e q u a t io n  (8 .10 )  
r ed u ce s  to
n _*^1 ”" p p *  . . . . . . . . . .  ( 8 . l 4 )
T o  -  f
which i s  th e  e q u a t io n  f o r  th e  harmonic r e so n a n ce .  I t  fo l lo w s
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t h a t  a t  the  s t a r t  o f  each b ranch  of  the  subharmonic q w i l l  be
n e g a t i v e ,  s in c e  i s  a lways g r e a t e r  t h a n F r o m  e q u a t io n
( 8 *13 ) i t  i s  e v id e n t  t h a t  subharmonic resonance  of  o rd e r
w i l l  take  p la c e  i n  the  neighbourhood of  tw ice  tho n a t u r a l
f requency .  A lso ,  s in c e  a t  the  b eg inn ing  of  the  subharmonic
resonance  i s  n e g a t iv e  and R in  R = (A + M) i s  r e l a t i v e l y
sm a l l  and n e g a t i v e ,  the  r e sp o n se  branch o f  f o r  = 0 w i l l
2 2
i n  most c a se s  s t a r t  a t  f r e q u e n c i e s  l e s s  than  2 ^  and t h a t  fo r  
0^= ^  u t  f r e q u e n c i e s  g r e a t e r  than  2 ^ .  The c o n d i t i o n  fo r  
t h i s  i s
4K I I . . . g g . g g g *  ( 8 .  1 3  )
I t  i s  obvious  t h a t  a t  low v a lu e s  of  A and h igh  v a lu e s  of
Z, and hence Q^, e x p re s s io n  ( 8 , 13 ) cannot be s a t i s f i e d ,  i n
which case b o th  b ranches  of  th e  Qi resonance  w i l l  s t a r t  a tT
f r e q u e n c ie s  g r e a t e r  than  2^^.
For the  s o l u t i o n  on the  d i g i t a l  computer eq u a t io n s  (8 .8 )  
to  (8 ,10 )  a r e  r e a r r a n g e d  i n t o  a more conven ien t  form fo r  the  
i t e r a t i o n  p ro c ed u re .
From e q u a t io n  (8 .8 )
_ -3 fS (Q l  + Q f ) . î  M Q i '1M = — = ---------------- --------------—    (8 .1 6 )
2 ( 1  + + 3 Â R ) + 3 ( ^ 1  + Q 7 )2 -L
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From e q u a t io n  ( 8 . 9 )
= 4 + 12R^  + 5Cq|  + 2^ )^ ; 12RQi .   (8.17)
From e q u a t io n  (8 .1 0 )
5 -  -  M    (8.18)
1 .  38= .
P r e s c r i b i n g  v a lu e s  o f  Qjl eq u a t io n s  (8 .1 6 )  to  ( 8 . l 8 )  a r e2
so lved  fo r  s e l e c t e d  magnitudes of  à and Z, u s in g  the  i t e r a t i o n  
p ro c ed u re s  which were d e s c r ib e d  p r e v i o u s l y .
Equation  (8 .1 7 )  d e f i n e s  the  re sponse  o f  the  subharmonic 
Q^, and can be r e w r i t t e n  a s  :
= 4(1  + Ç q |)  4' + 2P) .............. .. ( 8 , 19 )
The second term on the  r i g h t  hand s id e  of e q u a t io n  ( 8 . 19 )
d e c re a s e s  w i th  Z and i n  most ca se s  i t  w i l l  be p o s i t i v e  fo r
0JL = “p ^i^d n e g a t iv e  fo r  0 = 0 .  Hence the  f i r s t  te rm , which3 ^
i s  tw ice  the  n a t u r a l  f requency  based on the  am pli tude  may 
be reg a rd ed  a s  the  backbone of  the  r e s p o n s e ,  w ith  th e  cu rves  o f  
the  subharmonics a r ra n g ed  on bo th  s id e s  of  i t .
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8 .2  D iscu ss io n  of  Resu l t ;
The most im p o r tan t  component o f  the  subharmonic re sp o n se  
o f  o rd e r  i s  the  m odif ied  harmonic resonance  o f  am pli tude  , 
which i s  e x c i t e d  by a d i s t u r b i n g  fo rc e  of  tw ice  i t s  f requency .  
Whereas a superharmonic i s  a resonance  o f  an e x i s t i n g  component 
o f  motion, the  subharmonic occurs  only  w i th in  a l i m i t e d  range 
o f  f requency ,  and i t  i s  a  new and s e p a r a t e  p a r t  of  the  motion. 
As such i t  must be expec ted  to  have h ig h e r  harmonics o f  i t s  
own, w ith  f r e q u e n c i e s  of  w, gw e t c . ,  which e x i s t  i n  a d d i t i o n  to  
the  harmonics o f  th e  a c t u a l  fo rced  v i b r a t i o n .  The fundamental  
f o r  the  l a t t e r  i s  the  component o f  am pli tude  of  the  same
f requency  a s  th e  d i s t u r b i n g  f o r c e .  The t o t a l  motion w i l l  th u s
•2have components o f  f r e q u e n c i e s  2(o and so f o r t h .  This
i s  v e r i f i e d  e x p e r im e n ta l ly  by the  e x i s t e n c e  o f  a very  sm a l l  but  
d e f i n i t e  harmonic of  f requency  ^  i n  the  ana logue computer 
o u tp u t .
The re sp o n se  cu rves  fo r  the  subharmonic 61 a r e  shown inY
F ig .  8 ,1  to  8 .3  f o r  v a lu e s  o f  A 1,  0 .6  and 0 , 2  r e s p e c t i v e l y .
A g e n e ra l  s i m i l a r i t y  e x i s t s  w i th  the  harmonic resonance  cu rves  
and th e  on ly  s i g n i f i c a n t  d i f f e r e n c e  i s  t h a t  the  subharmonic
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cu rves  s t a r t  from ze ro .  The g e n e ra l  t r e n d  of  the  r e s u l t s ,  and
o f  p a r t i c u l a r  e x p e r im en ta l  r e a d i n g s ,  i n d i c a t e  t h a t  th e
subharmonic does no t  e x i s t  o u t s i d e  the  l i m i t i n g  f requency  r an g e .
Amplitude jumps occur i n  th e  r e g io n s  o f  v e r t i c a l  g r a d i e n t s .  The
re s o n a n c e ,  i n  c o n t r a s t  to  th e  superharm onic ,  does not  appear  to
be a p p r e c ia b ly  a f f e c t e d  by sm all  magnitudes o f  damping. This i s
to  be expec ted  s in c e  the  e f f e c t i v e  am pli tude  of the  d i s t u r b i n g  
■» 2fo rc e  Zlf) i s  g r e a t e r  i n  t h i s  c a se ,  and th e  main component of  
motion has h a l f  the  f requency  of the  d i s t u r b i n g  fo rc e  and 
co n seq u en t ly  a b s o rb s  p r o p o r t i o n a t e l y  l e s s  energy.
The g e n e ra l  e f f e c t  o f  i n c r e a s i n g  the  magnitude o f  the  d i s ­
tu r b i n g  fo rc e  Z i s  to  sp read  the  two b ranches  Of the  re sp o n se  
c h a r a c t e r i s t i c  f u r t h e r  a p a r t ,  th e re b y  widening the  f requency  
range of the  r e so n a n c e .  F u r t h e r ,  a s  can be seen from F ig ,  8 .1 ,  
on i n c r e a s i n g  the  f re q u e n cy ,  a t  h ig h e r  v a lu e s  of  Z the  subharmonic 
resonance  w i l l  grow g r a d u a l l y ,  bu t  a t  lower v a lu e s  of  Z i t  w i l l  
s t a r t  suddenly  by jumping to  a h igh  am p l i tu d e .  This  e f f e c t  i s  
l e s s  pronounced a t  lower v a lu e s  o f  E.
The n a t u r a l  f requency  backbone cu rves  were no t  drawn i n  F i g . 8 .1  
to  8 .3  in  o rd e r  to  avo id  c o n g e s t io n .  In  F ig .  8 .1  and 8 .2  the  
b ranches  of  the  re sp o n se  c u rv e s ,  co r re sp o n d in g  to  v a lu e s  of  0  ^ 0
and s t a r t  on each s id e  o f  the  backbone cu rve .  For the  low
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va lue  o f  Â = 0 . 2  i n  F ig ,  8 . 3 ,  the  re sponse  cu rves  fo r  Z = 0 . 4
a r e  an e x c ep t io n  s in c e  b o th  b ranches  s t a r t  o u t s id e  the  back­
bone curve .  Hence fo r  t h i s  case c o n d i t io n  (8 .15 )  i s  no t  
s a t i s f i e d .
T h e o r e t i c a l  and e x p e r im e n ta l  r e s u l t s  compare f a v o u ra b ly  i n  
F ig .  8*1 to  8*3, the  d i f f e r e n c e  be ing  l e s s  than  3%» The e r r o r  
o f  app rox im at ion  i n c r e a s e s  w i th  the  magnitude o f  A, which means 
a l s o  w ith  the  magnitude o f  n o n - l i n e a r i t y .  For Â = 0 . 2 ,  i n  Fig* 
8,3» the  e r r o r  i s  n e g l i g i b l y  sm a l l .
The g e n e ra l  e f f e c t  o f  the  magnitude of  the  s t a t i c  d e f l e c t i o n
on the  resonance  of  the  subharmonic i s  shown i n  F ig ,  8,4* As?
the  magnitude of Â i n c r e a s e s  the  resonance  t a k e s  p la c e  a t  h ig h e r
f r e q u e n c i e s  and the  range o f  the  resonance  i n c r e a s e s  c o n s id e r a b ly ,
Whereas a t  low v a lu e s  of  A v i r t u a l l y  a l l  o f  the  0 -, = ~  b ranch  i s
2 2
u n s t a b l e ,  a t  h igh  v a lu e s  of  A about  h a l f  o f  th e  t o t a l  resonance  i s  
due to  t h i s  b ran ch .  Hence on d e c re a s in g  the  f requency  of the  
d i s t u r b i n g  fo rc e  th rough th e  resonance  range  a t  low v a lu e s  of  A 
the  subharmonic resonance  w i l l  be very  weak, i f  i t  ap p e a r s  a t  a l l ;  
a t  h igh  v a lu e s  of  A i t  w i l l  be a p p r e c i a b l e .  The i n c r e a s i n g  of  
f requency  w i l l  produce resonance  a t  a l l  v a lu es  o f  s t a t i c  d e f l e c t i o n ,  
At h igh  am p l i tu d e s  the  c h a r a c t e r i s t i c s  v i r t u a l l y  c o a l e s c e ,  and th u s  
become independen t  of  A, This  r e g io n  however, i s  no t  o f  g r e a t  
i n t e r e s t  s in c e  the  co r r e sp o n d in g  am p l i tu d e s  a r e  no t  l i k e l y  to  be
129 -
r each ed  by a p r a c t i c a l  v i b r a t i n g  system i n  which damping i s  
a lways p r e s e n t .  Although a d i r e c t  comparison cannot  be made, 
t h e o r e t i c a l  r e s u l t s  o b ta in e d  by Burgess [ 5 j  and ex p e r im e n ta l  by 
LUDEKE and PONG {25 ) ,  f o r  th e  damped subharmonic resonance  of  
o rd e r  j ,  su p p o r t  t h i s  view.
In  F ig .  8 .5  to  8 ,7  cu rves  of  )|t^are p r e s e n te d  fo r  v a r io u s  
v a lu e s  o f  A and Z. In  F ig ,  8 ,5  and 8 .6  s o l u t i o n s  f o r  the  
harmonic resonance  and the  e q i v a l e n t  l i n e a r  fo rc ed  v i b r a t i o n  a r e  
a l s o  shown. In  comparison w ith  the  harmonic resonance  the  
e x i s t e n c e  o f  the  subharmonic does no t  a l t e r  s i g n i f i c a n t l y  the  
re sp o n se  of Q^,
Both the  harmonic and l i n e a r  resonance  so lu t ions . ,  are; 
r e a s o n a b le  app ro x im a t io n s  f o r  , and can be used fo r  s i m p l i f i ­
c a t i o n  of c a l c u l a t i o n s  fo r  p redom inan t ly  subharmonic v i b r a t i o n  
. The e r r o r  on the  t o t a l  d i s p l a c e m e n t , due to  t h i s  
s i m p l i f i c a t i o n ,  i s  no t  n e g l i g i b l e  a t  low am p l i tu d es  of  the  
d i s t u r b i n g  fo rc e  and over  the  i n i t i a l  s t a g e s  of  the  subharmonic
resonance  when i s  no t  p redom inant .
2
I t  i s  of  some i n t e r e s t  to  no te  t h a t  under c e r t a i n  c o n d i t i o n s  
a pure  subharmonic resonance  can e x i s t .  For example i n  F i g , 8 .5  
f o r  Z 5- 0 ,1  a t  two f r e q u e n c i e s  Q. = 0 ,  and the  co r re sp o n d in g
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s o l u t i o n s  f o r  Qn a r e  s t a b l e .  For t h i s  c o n d i t i o n  the  s o l u t i o n  
o f  e q u a t io n  (8 .1 9 )  d e f i n e s  the  f r e e  v i b r a t i o n ,  and hence 
s p e c i f i c  i n i t i a l  c o n d i t i o n s  a r e  r e q u i r e d  f o r  the  e x c i t a t i o n  of  
t h i s  type o f  motion .  F u r th e rm o re ,  i n  the  absence of  th e  
component o f  motion w ith  the  same f requency  a s  the  d i s t u r b i n g  
f o r c e ,  energy cannot  be s u p p l i e d  to  the  system. Thus th e  pure  
subharmonic can e x i s t  on ly  i n  the  complete absence o f  damping. 
Because o f  th e s e  r e a s o n s  i t  i s  no t  p o s s i b l e  to  v e r i f y  e x a c t l y  
t h i s  c o n d i t i o n ,  bu t  i t s  e x i s t e n c e  i s  i n d i c a t e d  by the  t r e n d  of 
ex p e r im e n ta l  r e s u l t s .
The v a r i a t i o n  of th e  mean dynamic d e f l e c t i o n  M w ith  f requency  
i s  shown i n  F ig .  8 .8  to  8 .1 0 .  For s t a b l e  s o l u t i o n s  v a lu e s  of  M 
approach a s y m p t o t i c a l l y  t h e i r  r e s p e c t i v e  v a lu e s  of  s t a t i c  
d e f l e c t i o n .  The e x c e p t io n  i s  fo r  the  case  of  A = 0 . 2  and Z = 0 . 4  
i n  F ig .  8 ,1 0 ,  when R d i s p l a y s  the  r e v e r s e  tendency ,  and even 
becomes p o s i t i v e .  S ince  e x p e r im e n ta l  r e s u l t s  ag ree  c l o s e l y  w i th  
th e o ry  t h i s  unusua l  t r e n d  must be due to  the  s p e c i f i c  e q u i l i b r iu m  
r e q u i r e m e n ts  a t  low v a lu e s  of  A and h igh  v a lu e s  o f  Z. In  the  
u n s ta b le  r e g io n s  of  th e  = g  b ranches  v a lu e s  o f  M become 
g r e a t e r  than  t h e i r  c o r re sp o n d in g  magnitudes of  A. This  does no t  
occur i n  th e  p r e v i o u s l y  c o n s id e re d  re s o n a n c e s .
In  F ig .  8 .11  t h e o r e t i c a l  cu rves  a r e  shown fo r  the  v a r i a t i o n
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of  the  s i g n i f i c a n t  components of  motion in  tho  t h r e e  ty p e s  o f  
r e sonance  co n s id e red  i n  t h i s  i n v e s t i g a t i o n .  In  F ig .  8 .12  
ex p e r im en ta l  v a lu e s  o f  maximum am p l i tu d es  a r e  p l o t t e d  fo r  
the  same f requency  ra n g e .  The superharmonic resonance  can be 
seen  to  produce an i n s i g n i f i c a n t  m a g n i f i c a t io n  of  the  r e s p o n s e .  
This  i s  due to  i t s  c r i t i c a l  s e n s i t i v i t y  to  damping.
In  c o n t r a s t  the  subharmonic r e so n a n ce ,  a s  can be seen  from 
F ig ,  8 .1 2 ,  i s  even s t r o n g e r  th a n  the  harmonic re so n a n ce .  For a 
g iven  maximum am pli tude  of  v i b r a t i o n  the  f requency  range  over 
which i t  e x i s t s  i s  a lm os t  double  t h a t  o f  th e  harmonic r e so n a n ce .  
S ince  i t  i s  no t  s i g n i f i c a n t l y  more s e n s i t i v e  to  damping th an  the  
harmonic r e s o n a n c e , [5J , [23J , from the p r a c t i c a l  p o in t  o f  view 
i t  must be r e g a rd e d  to  be a t  l e a s t  a s  im p o r ta n t  a s  the  harmonic 
re so n a n ce .  What makes i t  more dangerous i s  t h a t  i n  many ca se s  
the  p o s s i b i l i t y  o f  the  e x i s t e n c e  of  subharmonic r e so n a n c es  i s  
n o t  even taken  i n t o  c o n s id e r a t i o n .
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Chapter  9 
Conclus ions
The e x i s t e n c e  o f  a  s t a t i c  d e f l e c t i o n  i n  a system w ith  
a n o n - l i n e a r  r e s t o r i n g  fo rc e  c h a r a c t e r i s t i c  r e s u l t s  i n  a 
c o n s id e r a b le  change o f  the  v i b r a t i o n  r e s p o n s e .  Hence th e  
s t a t i c  d e f l e c t i o n ,  or  the  weight  of  the  v i b r a t i n g  mass which 
p roduces  i t ,  cannot  be n e g l e c t e d  i n  a t h e o r e t i c a l  a n a l y s i s ,  
u n le s s  the  n o n - l i n e a r i t y  i s  very  sm al l .
The g e n e ra l  e f f e c t s  o f  the  s t a t i c  d e f l e c t i o n ,  i n  comparison 
w i th  th e  case of  a symmetric r e s t o r i n g  fo rc e  c h a r a c t e r i s t i c ,  
a r e  a s  fo l low s  :
1. The f requency  of  f r e e  v i b r a t i o n  and of  th e  fo rc e d  
v i b r a t i o n  r e so n a n c e s  i s  i n c r e a s e d .  For example 
when the  non -d im en s io n a l  s t a t i c  d e f l e c t i o n  A = 1 a t  
low a m p l i tu d e s  the  f requency  of  the  f r e e  v i b r a t i o n  
. i s  X00% h ig h e r .
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2. An a d d i t i o n a l  a r e a  o f  i n s t a b i l i t y  e x i s t s  on th e  low 
f requency  s id e  o f  th e  backbone curve i n  a l l  ty p e s  o f  
the  fo rc e d  v i b r a t i o n  re so n a n c e s .  The e x t e n t  o f  t h i s  
i n s t a b i l i t y  i n c r e a s e s  w i th  A, b u t  i t  i s  reduced  and 
e v e n t u a l l y  d i s a p p e a r s  when the  non-d im ens iona l  
am p li tude  o f  th e  d i s t u r b i n g  fo rc e  Z i s  r a i s e d .
3* The s h i f t  of  the  mean dynamic d isp lace m en t  from the  
s t a t i c  e q u i l i b r iu m  p o s i t i o n  i s  no t  n e g l i g i b l e ,  and a 
c o n s ta n t  te rm must be used in  th e  assumed approx im ate  
s o l u t i o n ,
4, In  a d d i t i o n  to  odd harmonics ,  even harmonics a l s o  e x i s t  
i n  th e  v i b r a t o r y  motion .  Hence re so n a n ces  o f  even 
o rd e r s  w i l l  a l s o  occur  i n  the  r e s p o n s e .  The am p l i tu d e s  
o f  the  f i r s t  t h r e e  harmonics i n  the  d isp lacem en t  a r e  
o f  m easurab le  m agnitude .  Over most o f  the  re sp o n se  
ran g es  the  second harmonic p redom ina tes  over th e  t h i r d .  
Thus th e  s t r o n g e s t  and co n sequen t ly  most im p o r ta n t  
subharmonics and superharm onics  w i l l  be o f  th e  o rd e r  -J 
and 2 r e s p e c t i v e l y .
In most c a se s  the  mean dynamic d e f l e c t i o n  i n c r e a s e s  w ith  
the  am pli tude  o f  v i b r a t i o n  and i s  i n  the  o p p o s i t e  d i r e c t i o n  to  
th e  s t a t i c  d e f l e c t i o n .  The e f f e c t i v e  asymmetry o f  the
— l4 7
r e s t o r i n g  fo rc e  i s  thus  p r o g r e s s i v e l y  red u ce d ,  and a t  h igh  
am p l i tu d e s  the  re sp o n se  c h a r a c t e r i s t i c s  f o r  a l l  v a lu e s  o f  the  
s t a t i c  d e f l e c t i o n  v i r t u a l l y  c o a le s c e .  This  e f f e c t  does not  
have much p r a c t i c a l  s i g n i f i c a n c e ,  s in c e  even a t  very  low 
damping such h igh  am p l i tu d e s  a r e  no t  l i k e l y  to  be a t t a i n e d .  
Another consequence o f  th e  i n c r e a s e  of the  mean dynamic 
d e f l e c t i o n  i s  a r e d u c t i o n  o f  the  p r o p o r t i o n  o f  the  dead 
w eight  o f  th e  system, which i s  t r a n s m i t t e d  to  the  s u p p o r t s .
The superharmonic re so n an ce  o f  o rd e r  2 i s  c r i t i c a l l y
l i m i t e d  by even sm a l l  magnitudes o f  damping. Since the
s t r e n g t h  of  the  resonance  d im in ish e s  a t  h ig h e r  o r d e r s ,  i n  a
p r a c t i c a l  system a t  magnitudes of  damping o c c u r in g  n a t u r a l l y ,  
ersuj^harmonic r e so n a n ce s  w i l l  g e n e r a l l y  r e s u l t  i n  a n e g l i g i b l e  
m a g n i f i c a t io n  o f  the  t o t a l  r e s p o n s e .  Only in  some 
s p e c i a l i s e d  a p p l i c a t i o n s ,  such as  f o r  example th e  su sp e n s io n  
o f  a c c e l e r o m e t e r s ,  a d e t a i l e d  a n a l y s i s  o f  superharmonic 
r e so n an ces  may be r e q u i r e d .
The subharmonic re so n an ce  of  o rd e r  -J i s  a t  l e a s t  a s  s t r o n g  
a s  the  harmonic r e so n a n c e ,  and i t  occurs  over  a wider f requency  
r a n g e .  I t  does no t  appear  to  be s i g n i f i c a n t l y  more a f f e c t e d  
by damping. Consequent ly  the  p o s s i b i l i t y  o f  th e  e x i s t e n c e  of  
subharmonic r e so n a n ce s  must no t  be n e g l e c t e d .  In  a p p l i c a t i o n s ,  
such a s  l i g h t l y  damped n o n - l i n e a r  v i b r a t i o n  i s o l a t o r s  and
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a b s o r b e r s ,  i f  th e  f requency  o f  the  d i s t u r b i n g  fo rc e  i s  no t  
l i m i t e d ,  troublesom e re s o n a n c e s  w i l l  be e x c i t e d .
In the  f i e l d  o f  s te a d y  s t a t e  n o n - l i n e a r  v i b r a t i o n  the  
R i t z - G a le r k in  method ap p e a rs  to  be g e n e r a l l y  s u p e r io r  to  o th e r  
methods. I t  i s  l e s s  s e n s i t i v e  to  the  magnitudes of  n o n - l i n e a r i t y  
i t  can d e a l  w i th  v i r t u a l l y  any type o f  n o n - l i n e a r  r e s t o r i n g  fo rc e  
and damping, and the  p rocedu re  i s  not  unduly com plica ted  or 
l a b o r i o u s .  In  g e n e r a l ,  th e  e r r o r  of  app rox im at ion  i n c r e a s e s  
w i th  the  magnitude of  the  non -d im ens iona l  s t a t i c  d e f l e c t i o n ,  v/hich 
means w ith  the  magnitude o f  the  n o n - l i n e a r i t y .  In  the  case  of  
f r e e  v i b r a t i o n  and harmonic resonance  the  two-term app ro x im a t io n ,  
c o n s i s t i n g  o f  the  c o n s ta n t  and the  fundamental  harmonic ,  r e s u l t s  
under wors t  c o n d i t i o n s  i n  an e r r o r  of  ap p rox im a te ly  8% on 
f requency  and lO^o on am p l i tu d e .  The co r re sp o n d in g  e r r o r  i n  
a c c e l e r a t i o n  can be a s  h igh  a s  ^0% due to  th e  f requency  
m u l t i p l i c a t i o n  e f f e c t .  With the  fo u r - te r ra  app rox im a t ion  the  
e r r o r  i s  n e g l i g i b l y  sm a l l  bu t  the  s o l u t i o n  i s  very  l a b o r i o u s .
The two-term s o l u t i o n  w i l l  be s a t i s f a c t o r y  fo r  most e n g in e e r in g  
a p p l i c a t i o n s .  Before a h ig h e r  o rde r  app rox im a t ion  i s  a p p l i e d ,  
the  r e q u i rem e n ts  o f  a g iven problem must be co n s id e red  c a r e f u l l y  
to  e s t a b l i s h  i f  a r e a l  advan tage  can be ga in ed .  In  th e  case o f  
subharmonics and superharm onics  the  method i s  a c c u r a t e  to  w i th in  
abou t  4%, This  i s  mainly due to  the  use o f  a th r e e - t e r r a  
app rox im a t ion .
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F u tu re  v\(ork
One of  th e  most im p o r ta n t  e f f e c t s  o f  th e  s t a t i c  d e f l e c t i o n  
i s  th e  e x i s t e n c e  of  bo th  even and odd subharmonics i n  the  
re sp o n se  o f  the  system. Hence the  subharmonic r e so n a n ce s  
a r e  c lo se  to  each o th e r  and to  the  harmonic re so n a n c e .  The 
a m p l i tu d es  o f  fo rc ed  v i b r a t i o n  w i l l  have dangerous magnitudes 
a lm os t  c o n t in u o u s ly  over a wide f requency  ran g e .  This  w i l l  
be p a r t i c u l a r l y  severe  when the  f requency  o f  the  d i s t u r b i n g  
fo r c e  i s  i n c r e a s e d .  Amplitude jumps occur then  in  the  
neighbourhood of  t h e  peaks o f  s u c c e s s iv e  resonance  cu rv es .  
P r o v i s io n  o f  damping i s  the  only  e f f e c t i v e  method o f  r e d u c in g  
the  v i b r a t i o n  to  a c c e p ta b l e  a m p l i tu d e s .  Hence an i n v e s t i ­
g a t i o n  of  subharmonic r e s o n a n c e s ,  w ith  damping in c lu d e d ,  i s  
d e s i r e a b l e  to  e s t a b l i s h  th e  g e n e ra l  e f f e c t  of  damping and to  
de te rm ine  the  c o n d i t i o n s  fo r  the  complete s u p p re s s io n  o f  the  
subharmonics .  Systems w ith  v isc o u s  damping have g e n e ra l
a p p l i c a b i l i t y  and a r e  s im p le r  to  a n a ly s e .  Dry f r i c t i o n  i s
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a n o th e r  common form of  damping, and because of  i t s  s i n g u l a r  
e f f e c t  on l i n e a r  f o rc e d  v i b r a t i o n  ( i n f i n i t e  am pli tude  a t  
r e s o n a n c e ) , i t  m e r i t s  more a t t e n t i o n  i n  the  f i e l d  o f  non­
l i n e a r  v i b r a t i o n  than  i t  has  r e c e iv e d  i n  th e  p a s t ,
Some a t t e n t i o n  should  a l s o  be given  to  the  use o f  a 
v i b r a t i o n  a b s o rb e r  w i th  an asym m etr ica l  r e s t o r i n g  fo rc e  c h a ra c ­
t e r i s t i c ,  The e x i s t e n c e  o f  an a r e a  o f  i n s t a b i l i t y  on th e  low 
f requency  s id e  may improve the  e f f e c t i v e n e s s  of  the  ab s o rb e r  
i n  red u c in g  th e  re sonance  v i b r a t i o n  o f  th e  main system.
As i n  th e  case  o f  s t e a d y  s t a t e  v i b r a t i o n ,  the  e x i s t e n c e  
ox a s t a t i c  d e f l e c t i o n  w i l l  c o n s id e r a b ly  a f f e c t  the  re sp o n se  
of  a system to  shock lo a d .  An e x te n s io n  o f  th e  i n v e s t i g a t i o n  
i n t o  t h i s  f i e l d  would p ro v id e  a more complete b a s i s  f o r  the  
d es ig n  o f  e f f i c i e n t  v i b r a t i o n  i s o l a t o r s .
151
The H i tz -S a l e r k i n  Method
This method i s  s e l e c t e d  f o r  the  t h e o r e t i c a l  a n a l y s i s  i n  
t h i s  i n v e s t i g a t i o n  fo r  r e a s o n s  d i s c u s s e d  i n  the  i n t r o d u c t o r y  
c h a p t e r s .  The g e n e r a l i s e d  procedure  o f  s o lv in g  a n o n - l i n e a r  
d i f f e r e n t i a l  e q u a t io n ,  p r e s e n te d  fo r  example in  [29] ,  can be 
d e r iv e d  by th e  use of  e i t h e r  the  m in im is ing  or the  a v e ra g in g  
method. With a p roper  cho ice  of  the  c o - o r d in a t e  f u n c t i o n s  
fo r  the  s e r i e s  s o l u t i o n ,  th e  r e s u l t s  from the  a p p l i c a t i o n  of  
th e se  two methods a r e  i d e n t i c a l .  A more d e t a i l e d  d i s c u s s i o n  
and j u s t i f i c a t i o n  of  the  eq u iv a le n ce  of  the  two approaches  
can be found i n  [ i j  ,
A problem i n  s t a t i c s  or dynamics can be ex p re s sed  i n  two 
e q u i v a l e n t  ways, e i t h e r  a s  a v a r i a t i o n a l  problem or by i t s  
d i f f e r e n t i a l  e q u a t io n .  In  the  f i r s t  case  the  m in im is ing  
method i s  used fo r  the  s o l u t i o n ,  i n  the  second case  th e  a v e r ­
ag in g  p rocedure  i s  more c o n v e n ien t .
-  152 -
Here th e  development w i l l  be shown f o r  the  f i r s t  case 
o n ly .  For r e a s o n s  o f  s i m p l i c i t y  the  v i b r a t i o n  o f  a  
c o n s e r v a t iv e  s i n g l e  degree  o f  freedom system i s  c o n s id e re d .
With more com plica ted  a p p l i c a t i o n s  the  b a s i c  p rocedure  i s  the  
same bu t  i t , i s  much more l a b o r i o u s .  In  t h i s  c a se ,  a c c o rd in g  
to  H am i l to n 's  p r i n c i p l e ,  the  t r u e  s o l u t i o n  minimises  the  
e x p re s s io n  I
r t i  ^I  = i ( T-U) d t  = Minimum ( I . l )
I f  X i s  th e  d isp lacem en t  c o - o r d in a t e  and t  i s  t im e ,  then  
T = T ( x , x ) i s  the  k i n e t i c  ene rgy ,  and U = U(x) i s  the  p o t e n t i a l  
ene rgy .  A l t e r n a t i v e l y  the  k i n e t i c  p o t e n t i a l  or  Lagrangion 
f u n c t io n  L = T-U can be u sed ,  where L = L ( x , x , t ) ,  The 
m in im is ing  of  e x p r e s s io n  ( 1 , 1 ) l e a d s  to  the  Lagrang ian  eq u a t io n  
and hence u l t i m a t e l y  to  the  d i f f e r e n t i a l  e q u a t io n  o f  motion.
The essence  of  th e  R l t z  method i s  t h a t  f o r  th e  approxim ate  
s o l u t i o n  X a s e r i e s  w ith  a l i m i t e d  number o f  terms i s  assumed 
a s  fo l lo w s :
^ ^ *^10n ( t )  •+• a . 0 ^ ( t )  + + a  0 ( t )o r  J. 2 2 n n
(x«2)
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The f u n c t i o n s  0^ ( t )  must be p r o p e r ly  chosen and must 
s a t i s f y  the  g iven  boundary c o n d i t i o n s .  Values of  the  
p a ram e te rs  a r e  de te rm ined  by the  s o l u t i o n .  K i t z  has
proved t h a t  x converges  i n t o  the  t r u e  s o l u t i o n  x w ith  i n c r e a s i n g  
number o f  terms i n  ( 1 . 2 ) ,  p ro v id ed  the  s e t  o f  f u n c t i o n s  0^ ( t )  
i s  a complete s e t .  By making a good cho ice  i t  i s  o f t e n  
p o s s i b l e  to  r e s t r i c t  (1 .2 )  to  one or two terms on ly .
Since x i s  no t  the  e x a c t  s o l u t i o n  the  m in im is ing  of (1 ,1 )  
w i l l  not  r e s u l t  i n  the  a b s o l u t e  minimum co r re sp o n d in g  to  the  
e x a c t  va lue  o f  x bu t  i n  a s l i g h t l y  h ig h e r  v a lu e .  The q u e s t io n  
o f  the  magnitude of  the  d i f f e r e n c e  between the  minima rem ains  
open, i t  w i l l  c l e a r l y  be a  f u n c t io n  of  the  q u a l i t y  o f  the  
approx i iaa t ion  used fo r  x .  The m in im is ing  p rocedure  de te rm ines  
th e  v a lu e s  of  the  p a ra m e te r s  a ^ ,  and i t  w i l l  be the  ' 'bes t ' :  
s o l u t i o n  o b ta in a b l e  w ith  th e  assumed type of  app ro x im a t io n  ( 1 , 2 ) .
Thus w ith  th e  approxim ate  s o l u t i o n  x e x p re s s io n  (1 ,1 )  becomes
I  = 1 L ( x , x , t ) d t  =; Minimum,   ( 1 .3 )
v to
and
I  = I ( a ^ , a j ^ a ^ )  (1*4)
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The n e c e s s a ry  c o n d i t i o n s  fo r  I  to  be a minimum (o r  a t  
l e a s t  a s t a t i o n a r y  va lue )  i s
= o « « * n «
Hence
o l
S a T
I T
o
/ 6^1) ^ Ij « \ J 4.* i  + 5 3  * i ) 4 t = 0 . . . .  (1.5)
In the  above T i s  the  p e r i o d i c  time o f  one complete 
cy c le  o f  v i b r a t i o n .
I n t e g r a t i n g  by p a r t s  the  second terra o f  ( 1 *5 )
^  . .  a t  = 
. o  '
-^L
0 ^
T
o ( 1 . 6 )
For a  p e r i o d i c  v i b r a t i o n  @^(o) = @ (T) = 0 ,  hence th e  
f i r s t  term on the  r i g h t  hand s id e  of  eq u a t io n  ( 1 . 6) i s  zero  
S u b s t i t u t i n g  the  rem ainder  o f  e q u a t io n  ( 1 . 6 ) i n t o  ( I . 5)
. f 3 l5 x . . .  ( 1 .7 )
But the  e x p re s s io n  w i th in  the  square  b r a c k e t s  i n  eq u a t io n  
(1 .7 )  i s  the  Lagrang ian  form of  the  d i f f e r e n t i a l  eq u a t io n  of  
n o t io n .  In a s i m i l a r  way th e  i n t e g r a t i o n  i s  c a r r i e d  out fo r
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each of  the  n terms i n  the  assumed form of  s o l u t i o n  ( 1 . 2 ) .  
Hence n e q u a t io n s  i n  th e  form o f  ( 1 .7 )  a r e  o b ta in e d .  From 
th e s e  e q u a t io n s  e x p r e s s io n s  f o r  a l l  the  p a ram e te rs  can be 
o b ta in e d .
On t h i s  b a s i s  a g e n e r a l i s e d  p rocedure  f o r  the  s o l u t i o n  can 
be s t a t e d ,  and i n  most c a se s  i t  i s  no t  n e c e s s a ry  to  c a r r y  out 
the  m in im is ing  or a v e ra g in g  p r o c e s s .  I t  i s  more conven ien t  
to  ex p res s  the  p rocedu re  i n  te rms o f  the  d i f f e r e n t i a l  eq u a t io n  
E ( x ) , s in c e  i n  g e n e ra l  i t  w i l l  be more r e a d i l y  a v a i l a b l e  than  
th e  v a r i a t i o n a l  form.
Thus i f  the  assumed approxim ate  s o l u t i o n  o f  the  form (1 .2 )  
i s  subs t i tu ted  i n t o  the  n o n - l i n e a r  d i f f e r e n t i a l  eq u a t io n  2 ( x ) ,  
n e q u a t io n s  can be w r i t t e n  d i r e c t l y  a s  f o l lo w s :
f 2k
\ E (x )0gd(wt) 0
/  2 k
E (x )0^d(wt)
f  2 k
E (x ) 0^d(o)t) =  0
. .  (1 . 8 )
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In  e q u a t io n s  (1 .8 )  th e  independen t  v a r i a b l e  t  i s  changed 
to  cot, fo r  which the  c o r re sp o n d in g  limjjs of  i n t e g r a t i o n  a re  
0 and 2k . A f t e r  the  i n t e g r a t i o n  n a l g e b r a i c  e q u a t io n s  a r e  
o b ta in e d ,  which de te rm ine  th e  v a lu e s  of  the  pa ram e te rs  a^ ,
A c e r t a i n  amount o f  co n fu s io n  e x i s t s  w ith  r e g a rd  to  the  
name of  the  method. H i t z  i n  h i s  o r i g i n a l  paper  I50l used 
b o th  th e  m in im is ing  and a v e ra g in g  p ro c e d u re s .  The o r i g i n a l  
p u b l i c a t i o n  connected  w ith  the  G a le rk in  method, which i s  
v i r t u a l l y  i d e n t i c a l  w ith  the  av e rag in g  method o f  R i t a ,  
appeared  s e v e r a l  y e a r s  l a t e r .  T h e re fo re ,  K l o t t e r  [ i j  su g g e s t s  
t h a t  the  p ro p e r  way of r e f e r r i n g  to  the  two methods would be 
" R i t z ' s  M inimising Method" and " H i t z ’s Averaging Method", S ince 
i n  the  l i t e r a t u r e  bo th  names a re  used ,  i n  t h i s  i n v e s t i g a t i o n  
the  method i s  r e f e r r e d  to  a s  R i t z - G a le r k in ,
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Appendix I I ,
The P e r t u r b a t i o n  Method
Consider  a f r e e  v i b r a t i o n  d e f in e d  by the  n o n - l i n e a r  eq u a t io n  
2 2dx + p X + p,f(x) = 0 ,  .... ....................  ( I I . 1)2d t
where p i s  the  n a t u r a l  f requency  o f  v i b r a t i o n ,  f (x )  i s  a  n o n - l i n e a r
f u n c t io n  of  x ,  and p. i s  a sm a l l  p a ram e te r .  A new independen t
v a r i a b l e  i s  now in t ro d u c e d
C —m t + 0  ^ ( l l , 2 )
where co i s  the  f requency  of  the  n o n - l i n e a r  v i b r a t i o n ,  and 0 i s  an 
a r b i t r a r y  c o n s t a n t .
S u b s t i t u t i n g  ( I I . 2) i n t o  ( I I . 1)
2 " 2Ü) X- + p X + p f (x )  = 0 .... ....................  ( I I . 3)
Dashes denote  d i f f e r e n t i a t i o n  w i th  r e s p e c t  to  As in
«  158  -
o th e r  methods i t  i s  more conven ien t  to  c a l c u l a t e  th e  f requency  
Ü) co r re sp o n d in g  to  a s e l e c t e d  am p l i tu d e .  This  means s o lv in g  
e q u a t io n  ( I I . 5) w ith  the  fo l lo w in g  i n i t i a l  c o n d i t io n s
I
e ( l l * 4 )
A i s  no t  th e  am pli tude  of  a p a r t i c u l a r  harmonic component, 
bu t  i t  i s  the  t o t a l  am p l i tude  of  motion a t  -  0 , f o r  which the  
n o n - l i n e a r  f requency  w i s  t o  be c a l c u l a t e d .
The d isp lacem en t  x ( 0  and f requency  (o a r e  now expanded i n  a 
power s e r i e s  i n  terras o f  si p a ram e te r ,  which must be sm a l l  fo r  the  
s o l u t i o n  to  converge .  In  v i b r a t i o n  problems th e  c o e f f i c i e n t  o f  
n o n - l i n e a r i t y  \\ i s  used ,  p ro v id ed  i t  i s  sm a l l .  In consequence 
the  s o l u t i o n  i s  deve loped i n  the  neighbourhood of  th e  e q u i v a l e n t  
l i n e a r  n a t u r a l  f requency .
Thus
x(T) = + Pq3_(2') + p qg(Z') + . . . .  , ............ ( I I . 5)
where q ^ t D ,  q^(T) a r e  unknown f u n c t io n s  o f  T .
Also
2 2 0) = Ug + i-ia  ^ + p + . . . . ...............................................................  ( I I . 6 )
where a ^ ,  . . . . . . .  a r e  c o n s t a n t s .
When p. s o eq u a t io n  ( 1 1 . 5) i s  l i n e a r  w i th  a n a t u r a l  f requency  p
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2 2 2 Hence fo r  t h i s  case  w = p and in  ( I I . 6 ) a  = p ,
the  g e n e ra l  form of  th e  n o n - l i n e a r  f u n c t io n  f (x )  i s  now 
expanded in  the  s e r i e s
f ( x )  = f (q ^ )  + Ilf (q ^ jq ^  + V-^  f  q,^f (q^) + | q ^ f  (q^) I* . . . .
( I I . 7)
S u b s t i t u t i n g  fo r  x(%) from ( I I . 5 ) ,  co^  from ( I I . 6 ) ,  and fo r  
f (x )  from ( I I . 7 ) ,  i n t o  (1 1 ,3 )  und e q u a t in g  c o e f f i c i e n t s  o f  l i k e  
powers o f  p., th e  fo l lo w in g  system of  l i n e a r  d i f f e r e n t i a l  e q u a t io n s  
i s  o b ta in ed  I -
I) q  ^ ^ 2, n~ * 2^ ^ ^  ~ 2 * s . . . o o » o ( l I . 8 )
Ü) (Ü
ÎÎ” I  * ^2 " 1
%2 + %2 = -  - 2  f  -  - 2  -  - 2  *19% ’Ü) Ü) Ü)
and so on.
These e q u a t io n s  a r e  then  so lved  i n  sequence to  o b t a i n  
e x p r e s s io n s  fo r  q^, q ^ , . . , .  and a^ ,  a ^ , . . . . ,  . This  p rocedure
i s  con t inued  to  th e  d e s i r e d  o rd e r  o f  ap p ro x im a t io n .  S ince  i n
— l6 0  —
t h i s  a p p l i c a t i o n  p e r i o d i c  s o l u t i o n s  a r e  sought f o r ,  c o e f f i c i e n t s  
of  the  so c a l l e d  " s e c u l a r "  (n o n -p e r io d i c )  te rm s ,  which g e n e r a l l y  
occur  i n  the  s o l u t i o n ,  must be equa ted  to  ze ro .
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Appendix I I I
F i r s t  Approximation by the  fC ry lo ff -B ogo l iuboff  Method
The method i s  s u i t a b l e  only  fo r  the  s o l u t i o n  o f  q u a s i -  
l i n e a r  d i f f e r e n t i a l  e q u a t io n s ,  t h a t  i s  the  c o e f f i c i e n t  of  
n o n - l i n e a r i t y  u must be small*
Consider the  e q u a t io n  
2X + p X = -  p f ( x , x ) ,     . . . ( I I I . I )
where f ( x , x )  i s  a n o n - l i n e a r  f u n c t io n  of  x and,  or X ,
I f  p.. i s  sm a l l  then  th e  r i g h t  hand s id e  o f  (111 ,1 )  i s  a l s o  
s m a l l ,  hence
X = A s inC pt  + 0 ) .............. ( I I I . 2)
i s  a r e a s o n a b le  ap p ro x im a t io n .  The e x i s t e n c e  of h ig h e r  
harmonics i n  the  s o l u t i o n ,  which a r e  caused by t h e ,p e r t u r b a t i o n  
•n.f(x,x), can be accoun ted  fo r  by a l lo w in g  the  am pli tude  A and 
the  phase 0 to  vary  w i th  t im e ,  thus
A = A (t )  and 0 = o ( t )  *................................................ .....................  ( I I I . 3)
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F o r  s m a l l  v a l u e s  o f  p. t h e s e  w i l l  b e  " s l o w l y "  v a r y i n g  
f u n c t i o n s  o f  t i m e .
H e n c e  t h e  s o l u t i o n  o f  ( I I I . I ) ,  p r e s e r v i n g  t h e  f o r m  
( I I I , 2 ) ,  i s
x ( t )  = A ( t )  s i n p t  + 0 ( t ) j  ■ ....................... (III.4)
D i f f e r e n t i a t i n g  ( I I I .4)  w ith  r e s p e c t  to  time and o m i t t in g  
the  f u n c t i o n a l  n o t a t i o n
X s= p A  c o s ( p t  + 0 ) + A s i n C p t  + 0 ) + o A c o s C p t  + 0 ) ,
................ .. ( I I I . 5)
F o r  ( I I I . 5 ) t o  r e t a i n  t h e  f o r m  o f  ( I I I . 4 )
A s i n ( p t  + o )  + 0A c o s ( p t  + o )  = 0 , .............................  ( I I I .  6 )
and
X = pA c o s ( p t  + 0 ) .   ( 111 , 7 )
D i f f e r e n t i a t i n g  ( I I I . 7 )  w i t h  r e s p e c t  t o  t i m e
2X = -  p  A s i n ( p t  + 0 ) + p A c o s ( p t  + 0 ) ~ p A ô s i n ( p t  + 0 )
(III .8)
S u b s t i t u t i n g  f o r  x  f r o m  ( I I I . 8 ) i n t o  ( I I I . I )
- A 0 s i n ( p t  + o )  + A c o s ( p t  + 0 ) =
' " Û ‘ ' r ' * • ■ - q“• p  f  j A s i n ( p t  + 0 ) ,  p A c o s ( p t  + 0 ) j  ....................... ( I I I . 9 )
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S o lv in g  (111 ,6 )  and ( i l l , 9) s im u l ta n e o u s ly  f o r  ™  and ™  , 
and u s in g  the  n o t a t i o n  ^  = ( p t  + 0 )
dA
dt “ f (A s in ^ ,  pAcos^) cos «9“
r
^   ^ (Asin&, pAcosS') s i n  9-
..............  ( I l l , 1C
For s low ly  v a ry in g  f u n c t i o n s  of  t im e ,  a s  a  f i r s t  a p p r o x i ­
m at ion ,  A and 0 a r e  assumed c o n s ta n t  d u r in g  one c y c le .  The 
average  v a lu es  o f  ( I I I . 10) a r e  then
dAdt P-2 t e p
J o
f(Asin#,pAcos0)  cos^d#- (III.11
do
d t U2kAp
2 tc f (A s in ^ ,  pAcosW s in # d 6 ( I I I . 12
J  o
To o b ta in  th e  r e q u i r e d  s o l u t i o n ,  th e  p a r t i c u l a r  non­
l i n e a r  f u n c t io n  f ( x , x )  i s  s u b s t i t u t e d  i n t o  ( I I I , 11) and 
( I I I . 12 ) ,  and the  i n t e g r a t i o n  i s  c a r r i e d  o u t .  The f i n a l  
e x p r e s s io n s  f o r  A and 0 a r e  o b ta in ed  by the  a d d i t i o n a l  
i n t e g r a t i o n  w i th  r e s p e c t  to  time fo r  the  g iven  i n i t i a l  
c o n d i t i o n s .
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Appendix IV
Subharmonic Resonance of  Order j- w ith  v i s c o u s  Damping
The s e l e c t i o n  o f  a s o l u t i o n ,  on the  b a s i s  o f  p r e v io u s  
e x p e r i e n c e ,  f o r  the  undamped subharmonic o f  o rd e r  ^  y i e l d s  
on ly  one b ranch  o f  the  r e sp o n se  c h a r a c t e r i s t i c .  In  o rd e r  
to  determ ine  the  s im p le s t  form of the  complete s o l u t i o n  
w ith o u t  damping and to  o b t a in  a b e t t e r  u n d e r s ta n d in g  o f  t h i s  
r e so n a n ce ,  e q u a t io n  ( 3 . 12 ) i s  so lved  by means of the  H i t z -  
G a le rk in  method w ith  damping in c lu d e d .  Because the  a n a l y s i s  
i s  very l a b o r i o u s  i t  i s  p r e s e n t e d  i n  the  Appendix.
To a l lo w  f o r  v isco u s  damping eq u a t io n  (3 .1 2 )  i s  m odif ied  
a s  fo l lo w s :
X  +  2 p G x  +  p ^ f ( l  +  3 p A ^ ) x  +  3 u A x ^  +  1 -- J
2“ Zw cos tot = E(x)      ( I V . l )
In  th e  above G = ^  i s  the  damping r a t i o ,  a  i s  the  damping
c
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c o e f f i c i e n t  p e r  u n i t  mass, and = 2p i s  i t s  c r i t i c a l  v a lu e .
The s o l u t i o n  o f  e q u a t io n  ( I V . l )  i s  assumed i n i t i a l l y  i n  
the  form
X = M + A cos ~ t  + B s i n  g t  + G cos o)t + D s i n  wt
( I V .2)
The cy c le  of  v i b r a t i o n  has a p e r io d  o f  4K^in cot. S u b s t i t u t i n g  
ex p re s s io n  ( I V .2) i n t o  e q u a t io n  ( I V . l )  and s o lv i n g  by means o f  
the  H i t z -G a l e r k in  method, th e  fo l lo w in g  e q u a t io n s  a r e  o b ta in e d
'kn
E(x) d(cat) = 0...................................................................................  ( IV .3)
'o
^ 4 tc
0)JiVx; cos
J o
E(x)  |*t d(o)t) = 0 ............ .. ( I V .4)
4k
E(5c) s i n  |*t d(ü)t) = 0................................................ .............. .. ( IV .3)
o
^4%
, E(x) cos wt d(o)t) = 0 . . . . . . . .  ( I V . 6 )
J o
4 tc
I E(x) s i n  (ot d(wt)  =: O ............ .... ( IV .7)
J o
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I n t e g r a t i o n  o f  e q u a t io n s  ( IV ,3) to  ( I V .7 ) y i e l d s  the  
fo l lo w in g  a l g e b r a i c  e q u a t io n s  which a r e  conve r ted  to  the  non- 
d im ens iona l  form:
(1
+ 35bB = 0
ÿ-)B  -  IJgS + 3BH  ^ + 3H(Sd -  Sc) +
3  •’d I b 2  _ - 2  , ^ / p ? 2  « 2 'B IB" + Â" + 2(C^ + 5^)1 =U 0
(1 ^  + 3ÂRZ + 3R(AC + 55) +
34 A + 5 f  + 2(C^ + 5^) = 0
« , , , « , 0 9  ( I V ,8 )
. ( I V .9)
( I V .10)
(1 - ^1^)5 -  + 2Gip + 3CR^  + |b(S' -^ S^ ) +
+ ^  C I^ C 4' D 4- 2(A^ 4- B^)
2 \ .
0
(1  - q '^ ) B  ~2GtjS 4- 3DH  ^ 4- 38(35) 4-
4- ^  B 1 C ^  4- 5^ 4- 2 ( 3 ^  4 B ^ ) 0
0 9 0 9 0 9e. ( I V. l l )
, ,  ( IV .12)
I t  i s  now conven ien t  to  use the  a l t e r n a t i v e  form of the  
s o l u t i o n  ( IV .2 ) ;  which i s  d e f in e d  i n  terms o f  phase a n g l e s ,  th u s
K = M + Qj_ c o s ( ^ t  -  01 ) + cos(mt -  0- )
# 0 0 0 9 9 9 * ( IV .13)
16?
For th e  conve rs ion  the  f o l lo w in g  i d e n t i t i e s  a r e  used:
A = Q-1 cos 04t  *2-
B = 0 4  s i n  04
r 0 0 9 0 0 9 9 9 9 . ( IV .14)
D = s i n  0^
a, a (IV, 15)
These i d e n t i t i e s  a r e  s u b s t i t u t e d  i n t o  eq u a t io n s  ( I V ,8 ) to  
( IV .1 2 ) ,  The r e s u l t i n g  e x p r e s s io n s ,  a f t e r  some very  t e d io u s  
a l g e b r a i c  and t r i g o n o m e t r i c  m a n ip u la t io n , a r e  conve r ted  i n t o  
forms which have a more obvious  p h y s i c a l  meaning.
From e q u a t io n  ( I V ,8 )
” 5 1 A ( Q j  ^ + Q-i ) + ■^ Q-1 Qjl ^ o s ( 0 - j - 2 0 - 1  )Ib'T 2 ^ P JL *0
2(1  + + 3ÂR) + 3 ( q1  + q b2 ( i v , l 6 )
Equation  (IV .16)  i s  i d e n t i c a l  w ith  eq u a t io n  ( 8 , l 6 ) f o r  the  
undamped case when 003( 0  ^ -  204)1 “Ô* i  1 ,
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From e q u a t io n s  ( I V .9) and ( I V .10)
. . .  ( IV .  17)
and
1^
s i n ( 0 , -  2 a i )  = , ..................... ( I V , l 8 )
^  38%,
E qua t ions  ( I V .17) and ( IV * l8 ) can be r e p r e s e n t e d  by 
F i g . I V . l  and ex p re s sed  by a s i n g l e  e q u a t io n  a s  fo l lo w s
p
*^•4 \  9R^Q^ -  4G^ S  'J. J  J
  ( IV .19)
This e q u a t io n  r e p r e s e n t s  th e  damped re so n a n ce  o f  the  
subharmonic.  I f  G = 0 e q u a t io n  ( IV .19) i s  i d e n t i c a l  w i th  
e q u a t io n  ( 8 . 7 ) f o r  the  undamped ca se .
F i n a l l y  from e q u a t io n s  ( I V . l l )  and ( IV .12) th e  fo l lo w in g  
r e l a t i o n s h i p s  a r e  d e r iv e d
2%^E -  q | f
c o s  0^ = -----------j - 2 —  > .......................  ( I V . 20)
20., 'Vf Z
and
5? + o f )
s i n  0n = - — :— 5----- 2—  ’  . ( IV .21)
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where
E
and
I (1 -Ç >L^ ) + 3R^ + | ( q |  + 2%2 )
. .  ( I V .22)
  ............ ( I V .23)
Equat ion  ( I V .20) and ( IV .21)  can be r e p r e s e n t e d  by 
F i g . ( I V . 2 ) .
Thus from F i g . I V . 2 ,  f o r  th e  undamped case  when G = 0 ,  
s i n  0 ^ =  0 ,  hence 0^ i s  e i t h e r  0  or tc.  S i m i l a r l y  from 
F i g . I V . l  ( 0 ^ -  20^ )  i s  r e s t r i c t e d  to  e i t h e r  0  or k ,  f o r  which 
th e  co r re sp o n d in g  c o n d i t io n  i s  0  ^ = 0 or ^  a t  each of  the  two 
v a lu e s  of  0 .^
Hence the  s im p le s t  s o l u t i o n  fo r  the  undamped case i s
X = M + c o s (~ t 3jl) + Q^cos (Ot, ( I V .24)
in  which 0 ^  has th e  v a lu e s  o f  e i t h e r  0 or c o r re sp o n d in g  to  
th e  two s e p a r a t e  b ranches  o f  the  r e s p o n s e ,  and the  s ig n  o f  
i n  a p a r t i c u l a r  s o l u t i o n  d e f i n e s  0^ as  e i t h e r  0 or  k .  This  
form of  app rox im a t ion  i s  used fo r  the  t h e o r e t i c a l  s o l u t i o n  in  
Chapter  8 .
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